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Abstract
In the work be presented a standard theory of non-linear polarization spectroscopy in the
frequency domain (NLPF) will be established. The NLPF technique based on anisotropy
induced in a dye-solution, which is isotropic elsewhere, by a polarized monochromatic pump
laser field. This is probed by a second laser field, which polarization direction is turned of 45
degree in respect to that of the pump. From the fundamental equations describing the non-linear
response of molecular systems on electromagnetic fields, the two-dimensional NLPF spectrum
is deduced for arbitrary pump-intensities. At low pump-intensities a subband analysis by NLPF
has been established. This allows one to study the term scheme and energy relaxation path of
molecular and supra-molecular systems by their NLPF-spectra. This includes the determination
of transition-frequencies and -dipole orientations, homogeneous and inhomogeneous linewidths,
as well as energy relaxation rates. Furthermore, using a self-consistent approach, the pump-
field dependence of the NLPF-spectrum has been deduced for the two-level system in general
and also for specific multi-level systems. This method allows one to determine the oscillator
strength without knowledge of the concentration, what is quite useful for studying molecular
aggregates. Applications are presented to the peripheral light harvesting antenna LH2 of purple
bacteria and the light harvesting complexes LHC II and CP 29 of higher plants.
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Zusammenfassung
In der vorliegenden Arbeit wird eine einheitliche und allumfassende Theorie der Nichtlinearen
Polarisationsspektroskopie in der Frequenzdoma¨ne (NLPF) aufgestellt. Diese Methode basiert
auf der in einer isotropen Farbstofflo¨sung durch ein polarisiertes, monochromatisches Laserfel-
des (pump) erzeugten Anisotropie, die mittels eines weiteren monochromatischen Laserfeldes
(probe) mit einer um 45◦gegenu¨ber dem Pumpfeld gedrehten Polarisationsrichtung geprobt
wird.
Ausgehend von den grundlegenden Gleichungen fu¨r den nichtlinearen Respons molekularer
Systeme auf elektromagnetische Felder wird das zweidimensional NLPF-spektrum hergeleitet,
und zwar sowohl in der niedrigsten Ordnung Sto¨rungstheorie als auch unter Verwendung ei-
nes selbstkonsistenten Ansatzes fu¨r beliebige Pumpfeldsta¨rken. In der niedrigsten Ordnung
Sto¨rungstheorie ko¨nnen drei in ihrer Frequenzabha¨ngigkeit sich unterscheidende Arten von
Ausdru¨cke explizit angegeben werden. Diese sind drei Areten von Peaks im NLPF-spektrum
zuzuordnen: Den T2-peaks, dem T1-peaks und den Zweiphotonen-peaks. Letztere sind unter
Normalbedingungen im allgemeinen nicht beobachtbar und wurden daher nicht weiter behan-
delt.
Die in dieser Arbeit erstmals gelungene, allgemeine und einheitliche theoretische Beschrei-
bung der T1- und T2-peaks in NLPF-spektren von Mehrniveausystemen stellt einen Durch-
bruch hin zu einer allumfassenden Subbandenanalyse mittels NLPF dar. Durch Einbeziehung
der teilweise bereits bekannten Auswirkungen homogener und inhomogener Linienverbreite-
rung und spektraler Diffusion auf NLPF-spektren, sowie deren Verallgemeinerung im Ramen
der Theorie nichtmarkowscher Dissipationsprozesse, konnte eine Methodik entwickelt werden,
die es erlaubt, NLPF-spektren molekularer und supramolekularer Systeme in Bezug auf das
ihnen zugrundeliegende Termschema mit U¨bergangsfrequenzen und -dipolen, die homogenen
und inhomogenen Linienbreiten, sowie dem zugeordneten Energierelaxations- und -transferpfad
mitsamt zugeho¨rigen Raten zu analysieren.
Die in dieser Arbeit vorgestellte und u¨ber fru¨here rudimenta¨re Ansa¨tze weit hinausgehende
Theorie der NLPF bei starken Pumpfeldern, die auf einem selbstkonsistenten Ansatz fu¨r den
Fourier-transformierten statistischen Operator beruhen, ero¨ffnet ein komplett neues Feld von
Anwendungen der NLPF. Fu¨r Zweiniveausysteme konnten die selbstkonsistenten Gleichung
vollsta¨ndig analytisch gelo¨st werden. Dabei konnten die Querverbindungen zur nichtlinearen
Absorption und zum optischen Starkeffekt aufgezeigt werden. Die resultierende Sa¨ttigungskurve
fu¨r das NLPF-signal kann unter Heranziehen der aus Analyse des T1-peaks bei niedrigen In-
tensita¨ten gewonnen Energierelaxationsrate und der analog aus T2-peakanalyse erhaltenen ho-
mogenen Linienbreite zur Bestimmung der Dipolsta¨rke des U¨bergangs ohne Bestimmung der
Farbstoffkonzentration verwendet werden. Durch Abbildung auf das gelo¨ste Zweiniveauproblem
konnte die Methodik auch auf spezielle Mehrniveausysteme u¨bertragen werden.
Beide oben beschriebenen Methoden, Subbandanalyse bei niedrigen und Bestimmung der
U¨bergangsdipolsta¨rke bei hohen Pumpintensita¨ten, wurden in der vorliegenden Arbeit zur Un-
tersuchung der Natur der angeregten Zusta¨nde in photosynthetischen Antennen von Purpurbak-
terien (LH2) und ho¨heren Pflanzen (LHC II und CP29) eingesetzt, insbesondere zum Auffinden
delokalisierter Ekzitonenzusta¨nde.
Schlagwo¨rter:
Optischer Kerreffekt, Nichtlineare Respons, Dissipative Quantendynamik, Photosynthese
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Chapter 1
Introduction
The subject of the work be presented, is the theory of Non-Linear Polarization spectroscopy
in the Frequency domain (NLPF), a spectroscopic method quite powerful for the analysis of
molecular and supra-molecular aggregates, e.g. photosynthetic aggregates. In some way it rep-
resents a complementary method to time-resolved spectroscopy by being able to reveal energy
relaxation and dephasing processes, as well. As the name already suggests, NLPF is a combi-
nation of polarization spectroscopy and non-linear optics. Classical polarization spectroscopy
has been introduced by M. Mitscherlich 1835 measuring the optical activity of tartrate and
boron acid [Biot, 1844]. His method is still in use, e.g. in viniculture for determination of the
sucrose content of grapes, and his principle setup with the sample located between two crossed
polarizers is used in NLPF as well. That optical activity and birefringence can be induced
in elsewhere isotropic media by magnetic and electric fields has been found by M. Faraday
(1845) and Kerr (1875), respectively. In the present context the latter is of particular interest.
In principle the setup used in NLPF represents a Kerr-cell where the static electric field is
replaced by an optical electromagnetic field (cf. Fig. 2.1). The effect NLPF based on is the
optical Kerr-effect [Ogawa et al., 2002], which represents a specific component of the non-linear
optical response on two different electromagnetic fields, here named as probe and pump field.
Simply spoken, the NLPF signal represents the turn of the polarization plane of the probe by
an optical anisotropy induced by the pump in an elsewhere isotropic sample. For both fields
being monochromatic the experiment is performed in the frequency domain.
At first NLPF has been used in the gas phase as a Doppler-free method [Wieman and
Ha¨nsch, 1976]. It was Song, Lee, and Levenson, who applied this technique to molecular
systems diluted in condensed phase media, in order to separate homogeneous and inhomoge-
neous broadening and determine energy relaxation rates [Song et al., 1978]. In the following
years several studies to different kinds of dye-molecules have been accomplished [Andrews and
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Hochstrasser, 1980,Saikan and Sei, 1983a,Garcia-Golding, 1983,Marcano O et al., 1990]. Not
much later first attempts towards an analysis of supra-molecular aggregates, in particular pho-
tosynthetic antennae were made [Leupold et al., 1993,Leupold et al., 1994]. With the coming
up of fs-pump-probe spectroscopy the optical Kerr-effect has been used in numbers of time re-
solved measurements, in particular as a tool for analyzing ultra-short laser pulses by frequency
resolved optical gating (FROG) [Kane and Trebino, 1993,Trebino et al., 1996,DeLong and Tre-
bino, 1994,Trebino et al., 1997]. NLPF as a complementary method in the frequency domain
has been nearly forgotten.
One of the reasons for the stagnation of NLPF as spectroscopic method may have been
the lack of an all-apropriate theory. Though all theoretical approaches based on the same
fundamental principles shown in the present work, they have been almost related only to the
specific problem. This was mainly the original problem of the relation between homogeneous
and inhomogeneous broadening, the latter with an extension to spectral diffusion [Garcia-
Golding, 1983, Neef and Mory, 1991]. Simplifying, in the most cases the dye molecule has
been described by a two-level system. Only exceptionally the models has been extended to
molecular multi-level systems, which, however, were limited to maximum four levels [Andrews
and Hochstrasser, 1980,Saikan and Sei, 1983a,Saikan and Sei, 1983b].
By the work be presented here a consistent all-purpose theory of NLPF will be achieved,
which is applicable to a wide field of problems concerning the spectroscopic properties of
molecules and supra-molecular aggregates. In the first part a general ansatz for the description
of non-linear spectroscopy in the frequency domain will be broken down to the specific features
of NLPF-spectra. Thereby the consistent model for NLPF-spectra of nearly all kinds of multi-
level systems and aggregates takes the center stage. Additionally the models for homogeneous
and inhomogeneous broadening will be extended by spectral diffusion but also to the general
case of non-Markovian excitation energy dissipation. On the basis of the theoretical NLPF-
line-shape functions for different kinds of substructure a standard method for global subband
analysis using NLPF-spectra will be deduced which enables one to determine the term scheme
with transition frequencies and dipoles, homogeneous and inhomogeneous line widths, as well
as the associated energy-relaxation path with respective rates to a large extent. Concluding
the first part, the strong-field theory of NLPF will be made up, which exists previously only in
rudiments [Marcano O and Garcia-Golding, 1985,Marcano O et al., 1986]. In the framework of
a self-consistent approach, the NLPF-spectra of the two-level system will be deduced as being
exact for arbitrary pump intensities not ionizing or dissociating the molecule. Subsequently, a
mapping of specific multi-level systems to the previous case will be established. This will enable
one to determine the absolute values for the cross-section of ground- as well as excited-state
absorption and stimulated emission, without knowing the dye concentrations.
2
Chapter 1. Introduction
The second part presents applications of the theoretical models as developed in the first
part to three photosynthetic antennae, namely the peripheral light harvesting antenna of purple
bacteria LH2, the bulk light harvesting complex II (LHC II) of higher plants, and the minor
photosystem II antenna complex CP29 of photosystem II in higher plants. In all three cases the
subject of interest is possible excitonic coupling between the light absorbing pigments. About
the nature of the excitonic state in the B850-aggregate of the bacterial antenna LH2 there
exists a long-standing debate [Sundstro¨m et al., 1999, van Amerongen et al., 2000, Dahlbom
et al., 2001]. In the present work the exciton delocalization on B850 will be studied by means
of subband analysis and pump-intensity-dependent NLPF. For trimeric LHC II only the latter
method will be used. By the contribution of emission to the pump-intensity dependence of the
NLPF-spectra excitonic coupling may be detected for a chlorophyll dimer acting as terminal
emitter at the end of the energy transfer chain in LHC II. An attempt for detecting excitonic
coupling between chlorophyll a and chlorophyll b in CP29 by only using subband analysis
concludes the second part.
3
Part I
Theory of NLPF
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Chapter 2
Principles of NLPF
This chapter shall provide a very general deduction of the NLPF-spectrum from first principles,
which will be further specified in the subsequent chapters. In order to measure the NLPF-signal
a classical polarimeter (see Fig. 2.1), which consist of two crossed linear polarizers (polarizer
and analyzer), is passed by probe laser beam (index t for test).1 The sample is located between
polarizer and analyzer, where a further laser (index p for pump) intersects the pathway of the
probe laser beam. Usually the probe field is much weaker than the pump field. The important
feature of the NLPF setup is that the polarization of the pump-laser field Ep is approximately
turned about 45◦ to that of the probe-laser field Et, in order to obtain maximum effect on
the probe field by a pump-induced optical anisotropy. Other than in classical polarization
spectroscopy in NLPF the sample is ought to be isotropic, i.e. free of circular dichroism
(CD) and birefringence (LD). Thus the probing light can pass the analyzer only for an optical
anisotropy created by the pump laser field. The NLPF-signal to be measured Es is just this
pump-induced component which has passed the analyzer, with polarization plane perpendicular
to Et. Since it has been blocked by the analyzer the incident probe field do not mix, with
signal, i.e. the detection is homodyn, though both fields propagate in the same direction, i.e.
the wave-vectors ks and kt are parallel.. Problems can only occur if the signal is contaminated
by scattered pump light. This disturbing effect can be reduced by choosing the propagation
vector kp of the pump laser perpendicular to that of the probe laser kt. That one can do
so results from the special phase-matching condition for NLPF, which will be shown below.
Beside the reduction of scattering, orthogonal propagation of the probe and pump field (see
Fig. 2.1) provides furthermore a homogeneous illumination by the pump beam. For the same
purpose the pump beam is spread along the probe-pathway by using a set of cylindric lenses.
1It has to be mentioned that there also versions of NLPF one using circularly and eliptically polarized laser
fields [Wieman and Ha¨nsch, 1976,Song et al., 1978]. The present work will only deal with linear polarizations.
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The advantages of this specific setup, reduced scattering and homogeneous illumination, have
been proven experimentally [Voigt et al., 1999].
Figure 2.1: NLPF-Setup by [Voigt et al., 1999]: The sample is located between two crossed
polarizers wich are passed by the probe beam (wavevector kt, field Et). The pump beam
(wavevector kp, field Ep) intersects the probe beam under 90
◦ inside the sample. The polariza-
tion of the polarization vectors of pump (Ep) and probe (Et) are turned about 45
◦ to each other.
The signal (wavevector ks, field Es) is detected in the direction of the probe beam (ks ‖ kt)
behind the analyzer, i.e. for the polarization perpendicular to the probe (Es ⊥ Et).
2.1 The NLPF-line-shape function
The aim of the present section is to give a general formula for the NLPF-signal as result of
the non-linear response of the sample to the external fields. Thereby the interaction between
electromagnetic fields and dye molecules of the sample will be described in the semi-classical
approach [Haken, 1989,Mukamel, 1995]. This means that a quantum-mechanical model will be
applied to the dye molecule, while the electromagnetic fields will be not quantized but treated
as in classical electrodynamics.
2.1.1 External fields and polarization
For frequency domain the probe and the pump laser field will be both approximated by plane
monochromatic continuous waves. Thus the total external electromagnetic field acting on the
dye molecule is given by
E(t, r) = Ep exp [−i(ωpt− kpr)] + Et(t, r) exp [−i(ωtt− ktr)] + c.c., (2.1)
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where ωp is the pump frequency and ωt is the probe frequency. The wave-vectors of the pump
and the probe beam kp and kt, respectively are arbitrary as one will see below. Nevertheless,
as mentioned above a perpendicular intersection of the pump and probe beam is to prefer in
order to get a constant amplitude of the pump field Ep along the propagation path of the probe
beam through the sample. Furthermore, the diameter of the probe beam is to be kept much
smaller than the absorption length of the sample. Note, however, that the diffraction of the
probe beam shall be negligible due to the plane wave approximation in Eq. 2.1. This results
in a lower limit for the diameter of the probe beam.2.
Using the dipole approximation, which is valid for dye molecules being small compared to the
used wavelengths [Cohen-Tannoudji et al., 1977], the time dependent macroscopic polarization
P(t, r) (linear and non-linear) is microscopically given by the expectation value of the oscillating
transition dipoles 〈µ(t, r)〉 (the permanent dipole moments are supposed to be zero). For the
statistical operator ρ(t, r) describing the time evolution of pure as well as mixed quantum state
of the dye molecules in Schro¨dinger representation one obtains
P(t, r) = 〈µ(t, r)〉 = 1
8pi
∫
tr {µρ(t, r)} dΘ. (2.2)
The integral
∫
. . . dΘ provides the average over the different orientations of the molecules in the
sample. For samples used in NLPF this average it is zero when all fields are switched off due
to the precondition that the sample is isotropic. For fields switched on the statistical operator
ρ(t, r) will depend on the external fields for the electromagnetic interaction given by µE(t, r).
Therefore, the orientational averaging acts also on ρ(t, r) and will result in a non-vanishing
NLPF-signal as will be demonstrated in. section 2.4. As will be shown below, for a constant
pump field amplitude Ep the non-linear polarization P(t, r) follows the probe field Et(t, r) in
respect of the dependency on r and t, though not in respect of phase and polarization.
2.1.2 Phase-matching condition
For a sample that consists of homogeneously diluted dye molecules which are much smaller
than the occurring wavelengths and are not interacting to each other the statistical operator
ρ(t, r) follows locally the external fields E(t, r). In frequency domain, for the periodic external
field, i.e. constant amplitudes Ep and Et (the latter assumed as a slowly varying amplitude)
one can expand the statistical operator ρ(t, r) into Fourier-series of the carrier-waves as
ρ(t, r) =
∑
np,nt
ρ(np,nt) exp [i (np(ωpt− kpr) + nt(ωtt− ktr))] . (2.3)
2Note, however, that the diffraction of the probe beam shall be neglectable in order to the approximative
use of Eq. 2.1. This resuts in a lower limit for the diameter of the probe beam.
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Here the Fourier components ρ(np,nt) are constant but complex. By inserting ρ(t, r) as given in
2.3 into the Fourier-transformed expression for the polarization (cf. Eq. 2.2) one obtains the
Fourier transformed polarization as
Ps(ωs,ks) =
N
128pi5
∑
np,nt
∫
tr
{
µsρ
(np,nt)
}
dΘ
×
∫ ∞
−∞
exp [−i(ωs − npωp − ntωt)t] dt
×
∫
V
exp [i(ks − npkp − ntkt)r] d3r (2.4)
where µs is the component of the dipole operator µ parallel to Es, i.e. to the polarization plane
of the analyzer. The Fourier integral in time results in frequency constriction
ωs = npωp + ntωt (2.5)
and for macroscopic volumes V of the sample the evaluation of the space integrals results in
likewise in the phase-matching condition
ks = npkp + ntkt. (2.6)
Both together can be only fulfilled for
np = 0, nt = 1, (2.7)
since harmonic generation by the probe are to exclude for its weakness. This means that
the pump-wave-vectors kp can be arbitrarily oriented, particularly it may be perpendicular to
the probe-wave-vector kt as shown in Fig. 2.1, and the probe light is monochromatic at the
same frequency as the probe3. Thus the NLPF signal is generated only by the component of
polarization
Ps(ωt,kt) =
N
8pi2
∫
tr
{
µsρ
(0,1)
}
dΘ. (2.8)
2.1.3 Signal generation and reabsorption: the NLPF-line-shape func-
tion
As mentioned above, the pump field (Ep) can be set approximately constant by experimental
dispositions. However, the amplitude of the NLPF-signal , will depend only on the generation by
3Nevertheless, in praxi one will use a monochromator after the analyzer in order to detect a NLPF signal
being free of e.g. scattered pump light.
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the nonlinear polarization but also on the linear absorption and reabsorption of probe and signal,
respectively, during their way through the sample. Splitting off the linear (re)absorption for Es
and Et, which for both is given by the same optical density OD(ωt) (cf. Eq. 2.5), the NLPF-
signal after passing the sample can be calculated in slowly varying amplitude approximation
to
Es(ωt) =
iωt
ncε0
Ps(ωt,kt)×OD(ωt) exp [−OD(ωt)] . (2.9)
Here Ps(t, rt) is the vector component of the non-linear polarization perpendicular to Et, Ac-
cording to the homodyn detection, the NLPF signal is given by the intensity of the signal4 as
Is(ωt) ∝ |Es(ωt)|2. From Eqs. 2.9 follows that for optimal signal intensity the optical density
of the sample should be chosen as OD(λt) ≈ 2. This value can be adjusted either by the
concentration of dye molecules (N) or the path length through the sample (D). Note, however,
that long pathways of the probe beam through the sample make the homogeneous illumination
by the pump beam more difficult, but high optical densities may influences the pump-frequency
dependence of the NLPF-spectrum by non-uniformly absorption of the pump. The latter ef-
fect can be reduced by locating the probe beam near to the incident face for the pump beam.
Otherwise, the NLPF-signal is also to be corrected by the respective effective pump intensity.
This leads already to the definition of the NLPF-line-shape function as given by
S(ωt, ωp, Ip) =
Es(ωt, D)
Et(ωt, D)
→
Ip→0
s(ωt, ωp)Ip. (2.10)
The pump-intensity independent function s(ωt, ωp) represents the NLPF-line-shape function
in third order perturbation theory for low pump intensities, while S(ωt, ωp, Ip) is to use for
arbitrary pump intensities (cf. chapter 6).
At last it has to be noted, that a weak linear circular dichroism (CD) will not distort the
NLPF-measurements in principle. In this case the analyzer is only to be adjusted in such a
way, that (for pump beam switched off) the probe field Et(t, r) turned by the CD is blocked as
well. Since CD is a linear effect, the polarization plane of the signal Es(t, r) turns just the same
amount as Et(t, r). Therefore the fundamental condition for NLPF, that probe and signal field
are always perpendicular, will hold also in the presence of an weak CD as long as the turn of the
polarization planes is significantly less than 45◦. Otherwise, the pump-field-induced anisotropy
would not be able to turn the probe polarization in an unambiguous way. In case of doubt one
should simply shorten the optical path length for the probe beam.
4In the present work intensities are all given in photons cm−2s−1.
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2.2 Molecular response to the external fields
According to Eq. 2.8 the Fourier component ρ(0,1) of the statistical operator ρ(t), describing
the non-linear response of the molecular system primarily relevant for generation of the NLPF
signal. however, this Fourier component must also depend on the pump field. Otherwise, the
response would be only linear and blocked by the analyzer.
In general the time evolution of the statistical operator ρ(t) used in Eq. 2.2 is ruled by the
Liouville-von-Neumann equation
∂
∂t
ρ(t) = −iL(t)ρ(t) (2.11)
with the Liouville super-operator L(t) given by the commutator
L(t) . . . = 1
~
[H(t), . . .] , (2.12)
for the Hamiltonian
H(t) = Hmol − µE(t, r). (2.13)
consisting of the molecular Hamiltonian Hmol and the interaction of the molecular dipole op-
erator µ with the external electromagnetic field E(t, r) as defined in Eq. 2.1. According to
the semi-classical approach (see above) the latter will be treated as a classical field [Haken,
1994,Mukamel, 1995].
In order to determine the Fourier components ρ(np,nt) in terms of a response of the molecular
system on the external fields, it is useful to introduce the Fourier-transformed Greens-function
G(ω) for the Liouville-von-Neumann equation Eq. 2.11 as given by by the equation
i (ω + L0)G(ω) = 1. (2.14)
In principle G(ω) solves the quantum-mechanical problem for the molecular response exactly.
In praxi, however, such a proceeding is impossible due to the enormous degree of freedom for
the molecular system, in particular for dye molecules being embedded in a matrix of condensed
matter, liquid or glass. Therefore, one has to reduce the statistical operator ρ(t), and conse-
quently G(ω), in order to obtain an equation analogues to Eqs. 2.11 and 2.14 but containing
an effective Liouville operator L0 for the molecular system with much lower rank. In chapter
3 it will be shown, how this can be done for molecular systems with dissipative surrounding,
resulting in a superoperator L0 which contains imaginary relaxation terms. For the time being,
let us assume that L0 is known. Unfortunately, Eq. 2.14 is not invertible, because even the
effective Liouville operator L0 is singular (cf. chapter 3). Hence, one needs additionally the
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constrictions
tr {G(ω)} = 0 (2.15)
G†(ω) = G(−ω). (2.16)
The first constriction guarantees the fundamental property of any statistical operator
tr {ρ} = 1, (2.17)
meaning that the probability to find the system in any state is certain. The second constriction
means the hermitism of the statistical operator, i.e. ρ†(t) = ρ(t). From the general solution of
Eq. 2.14 one obtains resonances of G(ω) at the eigen-frequencies ωµν of the Liouville operator
L0.
Using the Fourier-transformed Greens-functions G(ω), the Fourier-components ρ(np,nt)of the
statistical operator can be determined in response to the external fields Ep and Et by the
recursive formula
ρ(np,nt) = ρeqδnp,0δnt,0 + G (npωp + ntωt)
× {[µ,Epρ(np−1,nt)]+ [µ,E∗p, ρ(np+1,nt)]
+
[
µ,Etρ
(np,nt−1)]+ [µE∗t ,ρ(np,nt+1)]} . (2.18)
This recursive approach is very useful for perturbation theory, but also to find a self consistent
equation for strong pump fields. Note that the recursions break off for ρeq, which is the solution
of the stationary Liouville-von-Neumann equation L0ρeq = 0 constricted by Eq. 2.17.
Finally a simple, more empirical model of a dissipative two-level system shall be demon-
strated (cf. chapter 3). In this model the Liouville operator L0 is given by the matrix elements
[L0]1010 = − [L0]∗0101 = ω10 + iΓ and [L0]0011 = iγ. (2.19)
According to Eq. 2.11, the off-diagonal matrix element ρ10(t) describes a oscillation with the
frequency ω10 damped by the dephasing rate Γ. The diagonal matrix element ρ11(t) represents
the excited state population, which decays with the energy relaxation rate γ. The ground-
state occupation, yields as ρ00(t) = 1− ρ11(t). The corresponding Fourier-transformed Greens
function (cf. Eq. 2.14) consists only of the matrix elements
G1010(ω) = −G∗0101(−ω) =
1
iω + iω10 + Γ
, (2.20)
G0011(ω) = −G1111(ω) = 1
iω + γ
. (2.21)
In the next section, it will be demonstrated that these two groups of Greens functions correspond
to two kinds of peaks in the NLPF-spectrum, which are quite different in respect of their
dependences on the pump and probe frequency. All other matrix elements of G(ω) are zero.
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2.3 Components of NLPF-spectra
The NLPF-signal can be deduced in any order of the external fields by using a self-consistent
solution of Eq. 2.18. Nevertheless, it is useful to constrain the calculation to the first order of
Et, according to the weakness of a typical probe field. This means namely to neglect all terms
ρ(np,nt) for |nt| > 1. Thus the last term in Eq. 2.18 vanishes for ρ(0,1) and one obtains the
NLPF-line-shape function (cf. Eqs. 2.10, 2.9, and 2.8) as
S (ωt, ωp, Ip) =
1
8pi2 (~ε0nc)3
∫
tr
{
µsG (ωt)
([
µt, ρ
(0,0)
]
+
[
µp, ρ
(−1,1)] Ep
Et
+
[
µp, ρ
(1,1)
] E∗p
Et
)}
dΘ,
(2.22)
where µp and µt are the components of the dipole operator µ parallel to Ep and Et, respectively.
In what follows the three commutators occurring in NLPF-line-shape function will be discussed
separately. due to the different indices for the Fourier components ρ(0,0), ρ(−1,1), and ρ(1,1) the
normalized NLPF-spectra as given by |S (ωt, ωp, Ip)|2 shows quite different spectral features,
distinguishable by their dependence on the probe and pump frequency. For reasons explained
in what follows, these will be called the T2-, T1- and two-photon-peaks, respectively.
2.3.1 T2-peaks
According to Eq. 2.18 the Fourier component ρ(0,0) is given by
ρ(0,0) = ρeq + G (0) [µp,G (ω) [µp, (|Ep|2 ρ(0,0) + E2pρ(−2,0))]− h.c.] . (2.23)
It has to be noted that for the constriction to first order in Et any Fourier component ρ
(np,0)
can only be recurred to components with nt = 0. Therefore ρ
(0,0) does not depend on the probe
frequency ωt. Furthermore, it depends only on powers of the pump intensity.
5 This property is
quite useful for the calculation of the NLPF-line-shape function S (ωt, ωp, Ip) for higher pump
intensities Ip, as performed in chapter 6. For low pump intensity one obtains approximately
ρ(0,0) = ρeq + iG (0) σ (ωp, ωp) ρeqIp +O(I2p ). (2.24)
Here the operator for the generalized cross-sections of pumping has been introduced by
σ(x,y) (ω, ω′) ρeq =
−iω′
~ε0nc
{[µx,G (ω) [µy, ρeq]] + [µy,G (−ω′) [µx, ρeq]]} . (2.25)
5The reason for this behavior is, that by the subsequent recursions of the term ρ(−2,0)E2p in Eq.2.23 one
obtains terms proportional to |Ep|2 ρ(0,0) and to E4pρ(−4,0). The latter has to be recurred again. Since all
recursions breaks only for ρ(0,0) = ρeq + ..., the right side of the equality in Eq. 2.23 represents a series in terms
of |Ep|2n ρeq ∝ Inp ρeq.
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As one will see below, it is useful to allow different indices for the arguments of the external fields
on frequencies and dipoles. The cross-section of pumping with indices x = y and arguments
ω = ω′ is directly related to the total cross-section of absorption σabs(ω) by
σabs(ω) =
1
8pi2
∫
tr
{
σ(x,x) (ω, ω) ρeq
}
dΘ. (2.26)
Inserting Eq. 2.24 in Eq. 2.22 results in the first term of the NLPF-line-shape function at low
intensities as
s (ωt, ωp) =
1
8pi2
∫
tr
{
ζ(s,t) (ωt) G (0) σ(p,p) (ωp, ωp) ρeq
}
dΘ IpEt + . . . . (2.27)
using the probing function
ζ(s,t)(ω)... =
iω
~ε0nc
µsG (ω) [µt, . . .] . (2.28)
For the example model of a dissipative two-level system (cf. Eqs. 2.20 and 2.21) the
orientational averaging results in an factor 1/15 (cf. section 2.4). Neglecting terms containing
(ωp,t + ω10)
2 in the denominator (rotating wave approximation), the remaining cross-section of
pumping needed in Eq. 2.27 is given by
σ10 (ωp, ωp) =
µ210
~ε0nc
2Γωp
(ωp − ω10)2 + Γ2
. (2.29)
Note that in this model ρeq11 = 0 and ρ
eq
00 = 1. The probing functions yield as
ζ10 (ωt) = ζ01 (ωt) =
µ210
~ε0nc
ωt
ωt − ω10 + iΓ (2.30)
in rotating wave approximation. The central Greens-function G (0) in Eq. 2.27 reduces to
a constant γ−1, which represents the effective lifetime of the excited state. Thus the first
contribution to the NLPF-line-shape function of the two level system at low pump-intensities
is given by
s (ωt, ωp) =
1
15
µ410
(~ε0nc)2
ωt
ωt − ω10 + iΓ
1
γ
2Γωp
(ωp − ω10)2 + Γ2
+ . . . (2.31)
as previously obtained e.g. by Neef and Mori [Neef and Mory, 1991]. The corresponding
spectral feature in the two-dimensional NLPF-spectrum is a single peak centered at ωt, ωp = ω10
as shown in Fig. 2.2. This peak will be called T2-peak in what follows since its widths in
probe- and pump-frequency dependence, respectively are determined by dephasing rate Γ which
corresponds to the inverse of the transversal relaxation time T2. The line shape of T2-peak
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Figure 2.2: T2-peak of a two-level system. Axes labeled by ∆ωp,t = (ωp−ω10)/Γ. NLPF-signal
in arbitrary units.
in respect of the probe-frequency dependence is despite of the factor ωp in Eq. 2.31 in good
approximation a Lorenzian with width FWHM = 2Γ, while in respect of the probe-frequency
dependence the Lorenzian is squared and consequently FWQM = 2Γ (FWHM : full width at
half maximum; FWQM : full width at quarter maximum).
For multi-level systems more resonances for a higher dimensional matrix G (±ω) will occur.
For the additional resonances at different eigen-frequencies of the Liouville operator several
T2-peaks will appear in the NLPF-spectrum. These are correlated in respect of their probe-
and pump-frequency dependence by the matrix G (0). A detailed discussion of the resulting
patterns of T2-peaks will be presented in the chapter 4. Analysis of these patterns will allow
one to determine the term scheme and the associated energy relaxation path to quite large
extend.
2.3.2 T1-peak
According to Eq. 2.18 the Fourier component ρ(−1,1) is given by the recursion
ρ(−1,1) = G (ωt − ωp)
{[
µt, ρ
(−1,0)]Et + [µp, ρ(0,1)]E∗p + [µp, ρ(−2,1)]Ep} . (2.32)
For the weakness of the probe field, the subsequent recursions can do the step from nt = 1 to
nt = 0 only once. The step back to nt = 1 is forbidden. Since the break off is reached only for
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the term ρeqδnp,0δnt,0 in Eq. 2.18, the second term of S (ωt, ωp, Ip) will be finally recurred to the
self-consistent solution for ρ(0,0) (see above) as will be explicitly demonstrated in chapter 6.
The last term in Eq. 2.32 is at least of the order I2p . Therefore it is to neglect in NLPF-
line-shape function s (ωt, ωp) at low intensities, which second term of yields as
s (ωt, ωp) = . . .+
1
8pi2
∫
tr
{
ζ(s,p)(ωt)G (ωt − ωp) σ(t,p) (ωt, ωp) ρeq
}
dΘ+ . . . (2.33)
The probing functions ζ(s,p)(ωt) and cross-sections of pumping σ
(t,p) (ωt, ωp) are given by Eqs.
2.28 and 2.25, respectively. Note the different indices on the arguments for the cross-section
of pumping σtp (ωt, ωp). These give rise to usually minor corrections in the line shape. The
main spectral feature results from the central Greens function G (ωt − ωp), which depends now
on the detuning between pump and probe frequency. In the case of the exemplary two-level
system Eq. 2.33 results in
s (ωt, ωp) = . . . +
1
15
µ410
(~ε0nc)2
ωt
ωt − ω10 + iΓ
1
γ + i (ωt − ωp)
×
(
ωp
Γ + i (ωt − ω10) +
ωp
Γ− i (ωp − ω10)
)
(2.34)
for rotating wave approximation (cf. [Neef and Mory, 1991]). For γ  Γ this term means
a single narrow peak in the NLPF-spectrum with maximum at ωp = ωt. In respect of its
dependence on the detuning ωt − ωp it represents at least in the upper part an Lorenzian with
line width FWHM = 2γ. Because γ equals the inverse longitudinal relaxation time T1, this
peak has been named by the author the T1-peak [Voigt et al., 1999]. Thus it has been often
used in order to determine the energy relaxation rates (but see below).
For the two-level system, the sum of the two terms given by Eqs. 2.31 and 2.34 represents
already the complete NLPF-line shape function. Fig. 2.3 shows an exemplary NLPF-spectra
of a two-level system scanned over the pump frequency ωp for three different probe frequencies
ωt. For each spectrum one can recognize both, the broad T2-peak centered at ωp = ω0 and the
narrow T1-peak at ωp ≈ ωt, which reflects exactly the behavior mentioned above.
For multi-level systems the T1-peak shows usually a complex substructure, as will be demon-
strated in chapter 4. This may complicate the determination of the relaxation time by the T1-
peak. Furthermore, for multi-level systems G (ωt − ωp) possess more than one resonance in the
spectrum dependent on the detuning (ωt − ωp). These so-called tunneling terms [Chachisvilis
and Sundstro¨m, 1996] result in additional side-peaks apart from the central T1-peak at ωt = ωp.
They do not concern the energy relaxation but are connected with coherence between two ex-
cited states close to each other. As related to the molecular Raman effect, they may be called
‘Raman’ peaks, which will be discussed in a special case in chapter 4 (cf. section 4.3.2).
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Figure 2.3: NLPF-spectra of a two level system with γ = 0.1Γ for probe frequencies ωt = ω0
(solid line), ω0 + 0.5Γ (dashes), and ω0 + 1Γ (dots) recorded over ∆ωp = (ωp − ω0) /Γ.
The mentioned tunneling terms occur also for G (0) in the T2-peak. There, however, they
represent only minor corrections to the line shape of the T2-peak, which can be estimated to be
less than 10 % even for dephasing and energy relaxation rates of the same order of magnitude.
In the present work effects by these tunneling terms will not be studied any further.
2.3.3 Two-photon-peaks
The last term in Eq. 2.22 can be also recurred according to Eq. 2.18, what results in
ρ(1,1) = G (ωt + ωp)
{[
µt, ρ
(1,0)
]
Et +
[
µp, ρ
(0,1)
]
Ep +
[
µp, ρ
(2,1)
]
E∗p
}
. (2.35)
Though this equation seems to be quite similar to Eq. 2.32, due to the different sign of ωp
in the argument of G (ωt + ωp) and G (ωt − ωp), respectively, the resulting spectral features are
completely different. Firstly, the relevant resonances for G (ωt + ωp) are definitely not related to
energy relaxation but to doubly excited states. Secondly, ρ(1,1) represents a direct two photon
absorption. However, in contrast to Fourier components ρ(2,0) and ρ(−2,0) here an probe and
pump photon are to absorb simultaneously, i.e. within the dephasing time between the ground-
and the doubly excited state. For this specificity ρ(1,1) contributes to the NLPF-line-shape
function even at lowest pump intensities by the term
s (ωt, ωp) = . . .+
1
8pi2
∫
tr
{
ζ(s,p) (ωt)G (ωt + ωp)σ(p,t) (ωt,−ωp) ρeq
}
dΘ IpEt. (2.36)
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According to resonance frequencies ωµν of the Greens function G (ω) in the NLPF-spectrum
two-photon peaks will appear at the sum frequencies ωt + ωp = ωi  0. In what follows the
two-photon peak will be also ignored. Thus, the following statements may be sufficient: (i)
The widths of the two-photon-peaks are not related to dephasing rates. The reason is, that the
energy relaxation is strictly connected to the resonance maximum of G (ω) at ω ≈ 0, as one will
see in chapter 3. (ii) For a two-level system the two-photon peaks is neglected in rotating wave
approximation, because either G (ωt + ωp) or σ(p,t) (ωt,−ωp) have to be extremely off-resonant.
(iii) For multi-level systems where all transitions are allowed at least one two-photon peak inter-
fere with one of the T2-peaks. This results from the fact, that the term G (ωt + ωp)σpt (ωt,−ωp)
contains necessarily a common resonance with σpp (ωp, ωp). (v) For dephasing much faster than
the energy relaxation the two-photon peak can be neglected compared the T2-peak. The same
holds for contributions by two-photon processes, which are related to the Fourier components
ρ(2,0) and ρ(−2,0), for NLPF-spectra at high pump intensities.
2.4 Orientational averaging
The probing functions as well as the cross-sections of pumping (cf. Eqs. 2.28 and 2.25, respec-
tively) depends on the orientation of the transition dipoles µ relative to the external fields Ep,
Et, and the signal polarization Es as the superscripts in the Eqs. 2.24, 2.33, and 2.36 assign.
Therefore, the integrals
∫
. . . dΘ for the averaging over isotropic oriented molecules acts not
only on the component of the transition dipole moment µs parallel to Es but also on the scalar
products µEt = µtEt and µEp = µpEp, as mentioned above. Here, the averaging will be shown
for probed and pumped transition dipoles being parallel, what is trivially fulfilled for the two
level system.
In this case two Euler angles describe the relevant orientation of the molecule (cf. Fig. 2.4):
θ which is defined as the angle between the dipole operator µ and the probe wave-vector kt;
and φ which is the angle between the pump field Ep and the projection of the transition dipole
µ into the plane perpendicular to kt, and which is counted from the direction of Ep towards
that of Et. A third Euler angle ψ, describing rotations of the molecule around the transition
dipole µ is not required. With this choice of angles describing the molecular orientation one
obtains
µp = |µ| sin θ cosφ, µt = |µ| sin θ cos
(
φ+ pi
4
)
, and µs = |µ| sin θ cos
(
φ− pi
4
)
. (2.37)
Thus for low intensities the averaging integral is given by
1
4pi
∫ pi
0
sin5 θ dθ
∫ 2pi
0
cos
(
φ− pi
4
)
cos
(
φ+ pi
4
)
cos2 φ dφ =
1
15
(2.38)
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Figure 2.4: Illustration of the two Euler angles θ and φ as described in the text. Ep and Et
are the pump and probe field, respectively. kt the wavevector of the probe. µ is the transition
dipole vectror, which is to average over the whole sphere.
and the NLPF-line-shape function turns finally out as
s(ωt, ωp) =
1
15
tr {ζ(ωt) [G (0)σ(ωp, ωp) + G (ωt − ωp)σ(ωt, ωp) + G (ωt + ωp)σ(ωt,−ωp)] ρeq} ,
(2.39)
where the probing function and the cross-section of pumping are defined as in Eqs. 2.28 and
2.25 but using µ = |µ| instead of different µx and µy. Analogously, for the cross-section of
linear absorption the orientational averaging yields
σ(ω) =
1
3
tr {σ(ω, ω)ρeq} . (2.40)
For the multilevel-system the averaging may be complicated by a possible angle between
the transition dipole moment probed and that pumped. For non-parallel transition dipoles one
can expect that the averaging for the three addends of the NLPF-line-shape function, given by
Eqs. 2.24, 2.33, and 2.36, results in different prefactors depending on this angle. Nevertheless,
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this averaging can be performed in a similar way as will be demonstrated in section 4.1. More
intricate is the orientational averaging at high intensities, since from solving the self-consistent
equations one obtains denominators which depends on the angles θ and φ. As shown in chapter
6 this difficulty have been be overcome only for specific multi-level systems with parallel dipole
moments yet.
2.5 Summary
Above the NLPF-spectrum has been deduced from a microscopic model for the nonlinear polar-
ization by using Fourier-transformed Greens-function G(ω) related to the statistical operator
ρ(t), which describes the coherent as well as the incoherent quantum dynamics of the dye
molecules to be studied, particularly, energy relaxation and dephasing. The external fields
has been treated classically. This results in a NLPF-line-shape function s(ωt, ωp), the square
module of represents the normalized two-dimensional NLPF-spectrum (cf. Eq. 2.10). For the
two-level system (cf. Eq. 2.24 and 2.33) the NLPF-line-shape function at low pump intensity
yields as
s(ωt, ωp) =
1
15
|µ10|4
(~ε0nc)2
ωt
ωt − ω10 + iΓ
{
1
γ
2Γωp
(ωp − ω10)2 + Γ2
+
ωt
ωt − ωp + iγ
(
ωp
ωt − ω10 + iΓ−
ωp
ωp − ω10 − iΓ
)}
(2.41)
where ω10, µ10, Γ, and γ represent transition frequency, transition dipole, dephasing rate and
energy relaxation rate, respectively.
In general, for low pump intensities kinds of peaks are apparent in a NLPF-spectrum ac-
cording to the different terms of the NLPF-line-shape function s(ωt, ωp). Due to their different
dependence on pump and probe frequency, as well as for their different widths, they have been
classified as T2-, T1- and two-photon-peaks. The T2-peaks indicate the spectral positions of the
transitions and the corresponding widths give the dephasing rates (cf. Fig. 2.3). The T1-peak
depends on the detuning between probe and pump frequency and for the simples case of a
two-level system its width give the energy relaxation rate γ. For multi-level systems it will be
structured and probably ‘Raman’-peaks will appear as side bands. The two-photon peaks only
appears in multi-level systems, where doubly excitation by two-photon processes is possible. It
depends on the sum-frequency of pump and probe. As exceptional cases which appears only
for dephasing rates smaller or equal the energy relaxation, ‘Raman’ and two-photon-peaks will
be not discussed any further. The pattern and structures of T2- and T1-peaks, however, will
be discussed in the three following chapters comprehensively.
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NLPF-spectra
Last but not least it has been shown that in principle the NLPF-signal can be deduced in
any order of the pump field strength by a system of self-consistent equations. In detail this will
be demonstrated for the two-level system and special cases of multi-level systems in chapter 6.
2.6 Supplement: Time-domain description of
NLPF-spectra
Beside the frequency domain techniques using the Fourier-components ρ(np,nt), the NLPF-line-
shape function can be also deduced by calculating the time dependent nonlinear response of the
system on the external fields (cf. Eq. 2.1). According to the Liouville-von-Neumann equation
(see Eq. 2.11) in the time domain the Greens function reads formally as
G(t) = exp [−iL0t] . (2.42)
Then the NLPF line-shape function for low pump intensity can be constituted by a multiple
Fourier transformation as
s(ωt, ωp) =
ωpωt
8pi3
∫∫∫ ∞
0
S (t1, t2, t3)F (ωt, ωp; t1, t2, t3) dt1dt2dt3 (2.43)
using the third-order response function of the molecular system as given in the eigen-basis {µ}
of the Hamilton operator H0 by
S (t1, t2, t3) =
1
15 (~ε0nc)2
∑
µνκλ
µµνµλκGµν,µν (t3)
{[µµλµκνGµκ,µκ (t2) + µνµµκλGµµ,κκ (t2)]
× [Gκλ,κλ (t1) (nκ − nλ) + Gµλ,µλ (t1) (nµ − nλ)]
+ [µµλµκνGλν,λν (t2) + µνµµκλGνν,λλ (t2)]
× [Gκν,κν (t1) (nν − nκ) + Gλκ,λκ (t1) (nκ − nλ)]} , (2.44)
and the time-propagation of the monochromatic external fields given by
F (ωt, ωp; t1, t2, t3) = exp [iωp (t3 + t2 + t1)− iωp (t3 + t2) + ωtt3]
+ exp [−iωp (t3 + t2 + t1) + iωp (t3 + t2) + ωtt3]
+ exp [iωp (t3 + t2 + t1) + iωt (t3 + t2)− ωpt3]
+ exp [iωt (t3 + t2 + t1)− iωp (t3 + t2) + ωpt3]
+ exp [−iωp (t3 + t2 + t1) + iωt (t3 + t2) + ωpt3]
+ exp [iωt (t3 + t2 + t1) + iωp (t3 + t2)− ωpt3] , (2.45)
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for interactions at times t− t3− t2− t1, t− t3− t2, and t− t3. Note that for sake of causality the
three time intervals t1, t2, and t3 have to be positive. The function F (ωt, ωp; t1, t2, t3) shows
explicitly the time order of interactions as they results from the Feynman graphs relevant for
NLPF as shown in Fig. 2.5. Each of two subsequent terms in Eq. 2.45 corresponds to the
frequency dependence of the T2-, T1- and two-photon-peaks.
6 The main differences between
T2-, T1-, and two-photon-peak is the time order of the interactions with pump and probe field:
For the T2-peak initially the pump interacts twice (ωp and −ωp) with a time gap t1 in between.
Subsequently the molecular system developed freely during a time t2, before the probe (ωt)
acts on the system followed by the generation of the NLPF-signal (ωs) after the lapse of time
t3. The graphs belonging to the T1-peak are distinguished from those for the T2-peak by
an exchange the time order between pump (ωp) and probe (ωt) interaction. The two-photon
peaks are like the right bottom graphs for T2- and T1-peaks. They differ by the fact that the
initial interacting probe and pump field have the same sign of frequency. Consequently during
the time t2 the system evolves according to the Greens function G(t) exp [i (ωp + ωt) t2], which
corresponds in frequency space to G(ωp + ωt) (cf. Eq. 2.36)
Note that for |ω − ωµν | & |ω| fast oscillating terms G(t) exp [iωt] corresponds to small values
of G(ω) in frequency domain. Assuming that they cancel out, in rotating wave approximation
(RWA) they will be neglected. This has been partially considered in Fig. 2.5 by using only
such graphs where the initial interacting field from the left has negative frequency, while that
from the right has positive frequency. For the two-photon processes this means, furthermore,
that there must exist a higher excited state with ωµ0 ∼ ωp + ωt. Hence two-photon-peaks do
not appear in NLPF-spectra of two-level systems, as mentioned above.
Using the phenomenological model for the two-level system with dephasing and energy
relaxation the time-dependent Greens functions reads as
G1010(t) = G∗0101(t) = exp [−iω10t− Γt] (2.46)
G0011(t) = −G1100(t) = exp [−γt] (2.47)
and one obtains the third-order response function as
S (t1, t2, t3) =
4 |µ10|4
15 (~ε0nc)2
exp [(ωt − iω10 − Γ) t3 − γt2 − Γt1] cos [ω10t1] (n1 − n0) . (2.48)
6This is easily understood after simplifying and factorizing the exponentials, what results in
F (ωt, ωp; t1, t2, t3) = exp [ωtt3] {2 cos [iωpt1]
+ exp [i (ωt − ωp) t2] (exp [iωtt1] + exp [−iωpt1])
+ exp [i (ωt + ωp) t2] (exp [iωtt1] + exp [iωpt1])} ,
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Figure 2.5: Feynman graphs relevant for NLPF (in RWA). The vertical double line represents
the statistical operator ρ(t) (left line ket |ψ〉, right line bra 〈ψ|) the dashed arrows the external
fields acting on it. The time runs from bottom to top. For the first graph the time intervalls
t1, t2, and t3 between the interactions are shown.
Inserted in Eq. 2.43 this results in the same NLPF-line-shape function as shown in Eq. 2.41.
The time-domain description of the NLPF-line-shape function will be important for the cumu-
lant expansion in supplement 3.5.
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NLPF-spectra for dissipative systems
In this chapter a model more substantiated than the phenomenological one used in the previous
chapter will be deduced. This shall describe the NLPF-spectra of dye molecules diluted in
a solvent dissipating the excitation energy. Thereby, the electromagnetic interaction shall
be treated as hitherto classically. This proceeding will result in a NLPF-line-shape function
s(ωt, ωp) as given by Eq. 2.39 in terms of the Fourier transformed Greens function G(ω). At
this point the problem comes up that it is impossible to list the matrix elements Gµνκλ(ω) for
|µ〉, |ν〉, etc. representing eigen-states of the total Hamiltonian of a molecule embedded in
a dissipative surrounding. The reason is the high degree of freedom of the problem, which
results mainly from the huge amount of surrounding solvent molecules but also from internal
vibrational modes for even not very large dye molecules. Hence, a reduction of the degree of
freedom is indispensable for calculation of a manageable Greens function G(ω), though this is
connected with a lost of (usually experimentally redundant) information. In order to reduce the
degrees of freedom, the total system of dye molecules and solvent is to separate into a relevant
system, which intrinsic properties are taken into account exactly, and a reservoir, which will be
treated by quantum statistical methods (cf. [Blum, 1981,Weiss, 1999,May and Ku¨hn, 2000]).
This separation is rather crucial. Particularly, one has to take care that the coupling to the
electromagnetic field is implied in the relevant system as far as possible. In order to obtain
an simplified description of a dye-molecule in solution, it will be assumed that the relevant
system is given by the electronic system of the dye-molecule. The reservoir will be treated as a
bath of harmonic oscillators (modes) representing the molecular vibrations and the dye–solvent
interactions.
Using a diabatic basis set the coupling between the relevant electronic system and the
reservoir will be described by diagonal and off-diagonal ‘displacements’ between the harmonic
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potential surface for the excited state relative to the ground state1. These ‘displacements’
will be assumed to be stochastically distributed for different modes and small in order to
apply perturbation theory for the system–reservoir interaction. One will see that in second
order perturbation theory the system–reservoir interaction results directly in the dephasing and
energy relaxation rates as empirically introduced in chapter 2. Here, however they are complex
and frequency dependent. This leads to a significant deviation of the T2-peak from from the
shape shown in Fig. 2.2, while the T1-peak changes merely his width. The deviation, depends
on two factors: the distribution of the variance of the displacements in respect of the mode
frequencies, which will be represented by the spectral density and on the the thermal occupation
of the reservoir modes given by the Bose-Einstein distribution. For high-temperatures and
an ohmic spectral density one obtains the Markov limit of frequency independent dephasing
rates, as used in the phenomenological model. For the energy-relaxation in a two-level system
this limit is reached already due to the high optical excitation energy, as one will see. For
low temperatures, the T2-peak will get quite different. Particularly, for the probe frequency
dependence it will split into two, one representing the absorption and the other the stimulated
emission with maxima separated by a Stokes-shift. Furthermore, this chapter will provide
several useful relations between the different rates, e.g. the detailed balance. These will be of
special use for the description of multi-level systems in general.
3.1 General description of dissipative quantum systems
In order to reduce the degree of freedom one separates the complete quantum-mechanical sys-
tem, e.g. the dye molecule and all solvent molecules, into a relevant system with a degree of
freedom that allows one to solve the Schro¨dinger equation exactly, and into a reservoir, which
will be treated by quantum statistics. Corresponding to that, the Hamiltonian H will be split
into three terms: for the relevant system HS, for the reservoir HR, and the interaction be-
tween both HSR. The latter is to be small compared to HS for applying perturbation theory.
For determining optical properties it is further necessary, that the relevant system contains
the interaction with the external electromagnetic fields E(t). The separation of the Hamilto-
1The use of a diabatic basis set, has two advantages: (i) the couplings between different electronic states,
which result in the energy relaxation, can be treated as off-diagonal displacements of the reservoir modes, while
in the adiabatic basis set the non-adiabatic matrix elements would be connected with displacements in the
momentum coordinates; (ii) diabatic eigenstates fulfill the Condon approximation trivially, since the electronic
wavefunctions do not depend on the actual reaction coordinate. Due to the smallness of the displacements,
the deviation between the diabatic and the adiabatic (non-pathologic) potential surfaces can be assumed to be
small.
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nian alone, however, will not make any advantage, since the three parts all are still acting on
the complete statistical operator ρ(t) for the complete system in the Liouville-von-Neumann
equation. This needs further treatments.
3.1.1 Reduced density matrix
The next step in lowering the degree of freedom of a dissipative quantum-mechanical system is
to reduce the statistical operator ρ(t) to a matrix, which is defined only on the eigen-states |µ〉
for the Hamiltonian of the relevant system HS. This results in the reduced density matrix
ρµν(t) = 〈µ| trR {ρ(t)} |ν〉 , (3.1)
where trR {. . .} means the trace over all reservoir states. From the Liouville-von-Neumann
equation (see Eq. 2.11) one obtains the equation of motion for the reduced density matrix in
the field-free case as
∂
∂t
ρµν(t) = −i 〈µ| trR {(LS + LR + LSR) ρ(t)} |ν〉 , (3.2)
where LS, LR, and LSR, are the Liouville operators corresponding to the Hamiltonians HS,
HR, and HSR defined as in Eq. 2.12. In order to transform Eq. 3.2 into a form equivalent
to a Liouville-von-Neumann equation with an effective Liouville operator Leff , one uses the
Projection operator method [Feshbach, 1962,Mower, 1966,Blum, 1981,May and Ku¨hn, 2000]
by introducing the projection Pρ(t) =∑µν ρµν(t) |µ〉 〈ν| ⊗ ρR(t), which factorize the statistical
operator of the complete system into one for the reservoir degrees of freedom ρR(t) and the
reduced density matrix for the relevant system. The complementary projector is defined as
Q = 1− P . Now one can separate Eq. 2.11 into a system of equations as
∂
∂t
Pρ(t) = iP (LS + LR + LSR)PρS(t) + iPLSRQρ(t)
∂
∂t
Qρ(t) = i (1− P) (LS + LR + LSR)Qρ(t) + i (1− P)LSRPρS(t) (3.3)
Eliminating the second equation results in the well known Nakajima–Zwanzig Equation [Naka-
jima, 1958,Zwanzig, 1961]. In the present context, using perturbation theory only the solution
up to second order in LSR shall be considered. Thence the equation of motion for the reduced
density matrix yields as
∂
∂t
ρµν(t) = −iωµνρµν(t)−
∑
κ,λ
∫ ∞
0
Rµνκλ(τ) ρκλ(t− τ) dτ (3.4)
with frequencies ωµν given by the eigenvalues of the relevant system as
〈µ| trR {LSρ(t)} |ν〉 = ωµνρµν(t) (3.5)
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and the relaxation operator R(τ) has been introduced as
R(τ) = i 〈LSR〉R δ(τ) +
{〈LSR (τ)LSR (0)〉R − 〈LSR〉2R} . (3.6)
The abbreviation 〈. . .〉R means averaging over the reservoir by trR {. . . ρR}. Here LSR(τ) is
represented in the interaction picture and consequently time dependent. In principle, one can
use the Eq. 3.4 directly to determine the matrix elements Gµνκλ (ω), which represent the Fourier
transformed Greens-function in the reduced basis set of the relevant system, using the system
of equations ∑
κ,λ
{i (ω + ωµν) δµκδνλ +Rµνκλ(ω)} Gκλµ′ν′ (ω) = δµµ′δνν′ . (3.7)
where
Rµνκλ(ω) =
∫ ∞
0
Rµνκλ(τ) exp [iωτ ] dτ. (3.8)
For practical calculations, however, the relaxation matrix Rµνκλ(ω) as given by Eq. 3.8 is still
bulky. Hence it is useful to simplify this matrix by applying further approximations, namely
the secular and the Markov approximation.
3.1.2 Secular approximation
First the secular approximation shall be demonstrated and justified. If one iterates the equation
Eq. 3.7 for the specific matrix element Gµνµν (ω), one obtains the series
Gµνµν (ω) = 1
iω + iωµν + Γµν(ω)
+
∑
κ,λ 6=µ,ν
Rµνκλ(ω)
(iω + iωµν + Γµν(ω)) (iω + iωκλ − Γκλ(ω)) + . . . , (3.9)
where the complex frequency dependent dephasing rate has been introduced as Γµν(ω) =
Rµνµν(ω). Since Rµνκλ(ω) has to be small compared to ωµν according to the smallness of
the perturbation LSR, the second term in Eq. 3.9 is only important for |ω − ωµν | . |Γµν(ω)|
and |ω − ωκλ| . |Γκλ(ω)|. This means that the transitions µ → ν and κ → λ (not identical
because of κ 6= µ and λ 6= ν) have to be nearly degenerate. Considering only the first term
in Eq. 3.9 means the first part of the secular approximation and is valid for degeneration-free
systems.
In the same way one can justify to neglect all matrix elements Gµνκλ (ω) for κ 6= µ or λ 6= ν
but one: The matrix elements Gµµκκ (ω) can be not neglected, since here the Eq. 3.7 reduces
only to ∑
κ
(iωδνµ + γνµ(ω))Gµµκκ (ω) = δνκ. (3.10)
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The rates γνµ(ω) have been introduced as abbreviation forRµµνν(ω). While the matrix elements
Gµνκλ (ω) for µ 6= ν or κ 6= λ can be neglected due to a expansion similar to Eq. 3.9, the matrix
elements Gµµκκ (ω) are all of the same order of magnitude for comparable γνµ(ω) and the
common frequency term iωδνµ in Eq. 3.10. Therefore, one has to invert the whole system of
equation. As one will see below, this is not simply possible, because the matrix γνµ(ω) becomes
singular for ω → 0. This problem can be circumvent by using the general property of any
statistical operator tr {ρ(t)} = 1 to add constrictions on the Gµµκκ (ω) given by∑
µ
Gµµκκ (ω) = δ(ω). (3.11)
For details see chapter 4. Thus secular approximation means limitation to the elements
Gµνµν (ω) and Gµµκκ (ω). This is equivalent to approximate the relaxation matrix Rµνκλ(ω)
by
Rµνκλ(ω) = γµκ(ω)δµνδκλ + Γµν(ω)δµκδνλ (1− δµν) . (3.12)
In some cases (one will be shown below) the relaxation matrix yields exactly this form ab-initio
.
The function Γµν(ω) has been assigned as the complex, frequency-dependent dephasing rate
due to the fact that in time-domain its real part is related to a decay of the density matrix
elements ρµν(t), which describe the coherence between the states |µ〉 and |ν〉. This coherence
is destroyed by destruction of the phase relation between the two states with the rate Γµν(ω).
Analogously, the real part of γµκ(ω) is related to a decay of the reduced density matrix element
ρκκ(t), which represents the occupation of the state |κ〉. The loss of occupation in the state
|κ〉 (which is transferred to the state |µ〉 is connected to a change of the system energy by
(εκ − εµ) γµκ (0). Therefore, γµκ(ω) has been named the complex, frequency-dependent energy
relaxation rate. Note that for ρµµ being necessarily real and semi-posidefinit the static rate
γνµ(0) needs to be real. Concerning the exact meaning of the imaginary parts of Γµν(ω) and
γνµ(ω) see below (section 3.2.3). The secular approximation is assumed to be valid in all what
follows, last but not least because it is crucial in order to assign the different spectral features
occurring in NLPF-spectra to processes on and properties of the molecular system in condensed
phase to be studied.2
2It shall be mentioned that secular approximation according to the expansion in Eq. 3.9 is already justified
by the limitation of the present theory for dissipation to second order of the system bath coupling LSR, as
shown above. Only for nearly degenerate eigen-frequencies of LS it fails. In this case, however, one can usually
transform the sub-eigen-basis set {µ, ν, κ, λ} of the degenerate states in order to find an equivalent basis set
{µ′, ν′, κ′, λ′} where the relaxation operator R(ω) has a suitable form for applying the secular approximation.
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3.1.3 Markov approximation and reorganization
In order to determine the relaxation operator R(τ) in Eq. 3.6 one has to average over the
reservoir state by 〈. . .〉R =ˆtrR {. . . ρR}. Thereby a complication occurs because the dynamics of
the statistical operator of the reservoir ρR are not known in detail. In what follows two limits
are important for the reservoir dynamics: The equilibration of the reservoir can be extremely
slow or extremely fast compared to the dynamics of the relevant system.
In the latter case, when the reservoir dynamics are ultrafast, the reservoir equilibrates
immediately and one obtains R(τ) = R (0) δ(τ). In this case the relaxation term in Eq. 3.4
depends only on the instantaneous value of the matrix elements ρκλ(t), which corresponds to
a Markovian process. In frequency domain the Markov approximation means that the Fourier-
transformed relaxation operator R(ω) is independent of frequency and almost real.
Usually, the Markov approximation is not necessarily valid on arbitrary time scales. There-
fore, the reservoir dynamics shall be separately studied on the different time scales of the
relevant system for (i) the electromagnetic interaction, (ii) the dephasing process, and (iii) the
energy relaxation. For the fast electromagnetic interaction, the Condon approximation is most
probably valid, i.e. during this process the state of the reservoir is not changed. Hence the
subsequent dephasing and energy relaxation process starts with the reservoir state
ρ
(ν)
R =
〈ν| exp [HR+HSR
kT
] |ν〉
tr
{
exp
[
HR+HSR
kT
]} . (3.13)
held before the external fields act. For the cross-section of pumping as given by the function
σµ0 (ω, ω) (cf. Eqs. 2.40 and 2.24, respectively) this is the equilibrated ground state given
by the statistical operator ρ
(0)
R . Thus the cross-section of pumping for a dissipative two-level
system yields as
σ10 (ω, ω
′) =
|µ10|2
~ε0nc
(
ω′
iω − iω10 − Γ(0)10 (ω)
+
ω′
iω10 − iω′ − Γ(0)01 (−ω′)
)
. (3.14)
Here and in what follows, the dependence of the dephasing on the initial statistical operators
ρ
(ν)
R (cf. 〈. . .〉R in Eq. 3.6) will be assigned by a superscript as Γ(ν)µν (ω).
In the original basis set the relaxation matrix is given by
Rµνκλ(ω) =
∑
µ′ν′
{Tµµ′Tνµ′Tκν′Tλν′γµ′ν′(ω) + Tµµ′Tνν′Tκµ′Tλν′Γµ′ν′(ω)}
where Tµµ′ are the basis-transformation matrix elements. Like a secular approximated relaxation matrix the
transformed matrix Rµνκλ(ω) has the same property to keep the density matrix ρµν semi-positv definit, means
ρµµ ≥ 0, what is necessary for populations. For arbitrary relaxation matrices Rµνκλ(ω) this condition is usually
not fullfilled [Seke, 1991a]. Thus secular approximation has a deeper meaning than to be only a simplification
of the relaxation operator.
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For the probe frequency dependence one has to consider that one probes different states |ν〉
of the relevant system, which developed from the energy relaxation process. During the energy
relaxation of the relevant system also the reservoir will be reorganized. Only if the former
process is much slower than the latter, i.e.
|γνν (ω)|  τ−1R , (3.15)
where τR is the characteristic reorganization time, the reservoir can be assumed to be equili-
brated instantaneously. Furthermore, for the dephasing process the initial state of the reservoir
is represented by a statistic operator ρ
(ν)
R (as given by Eq. 3.13) where |ν〉 is the state be-
ing probed. Thus the functions for probing the bleaching and the stimulated emission of a
dissipative two-level system are different and yield as
ζ10 (ωt) =
|µ10|2
~ε0nc
ωt
iωt − iω10 − Γ(0)10 (ωt)
ζ01 (ωt) =
|µ10|2
~ε0nc
ωt
iωt − iω10 − Γ(1)10 (ωt)
, (3.16)
respectively. The NLPF-spectrum of the dissipative two-level system results from the line-shape
function
s (ωt, ωp) =
ζ10(ωt) + ζ01(ωt)
15
(
σ10 (ωp, ωp)
γ˜01(0)
+
σ10 (ωt, ωp)
γ˜01(ωt − ωp) + iωp − iωt
)
, (3.17)
with γ˜01 (ω) = γ01(ω) + γ10(ω) (cf. Eq. 4.13). For the Markov approximation being valid
the NLPF-spectrum of the dissipative two-level system is given by the same NLPF-line-shape
function s (ωt, ωp) as defined in Eq. 2.41 for the empirical model. One has only to set γ := γ˜01
and Γ := Γ
(0)
10 (ω10) = Γ
(1)
10 (ω10).
In the opposite extreme case where the reservoir reorganization is very slow compared to the
energy relaxation, i.e. |γνν (ω)|  τ−1R , one obtains ρR(τ) ≈ ρR(0) for all relevant time-scales.
Consequently, the averaging over the reservoir degrees of freedom is not to be carried out for
the relaxation operator R(τ) but for the NLPF line-shape function as a whole, i.e.
s (ωt, ωp) =
1
15
〈
(ζ10(ωt) + ζ01(ωt))
(
σ10 (ωp, ωp)
γ˜01
+
σ10 (ωt, ωp)
γ˜01 + iωp − iωt
)〉
R
. (3.18)
This represents the inhomogeneous limit. Note that, if the reservoir does not equilibrate dur-
ing the process, the effective transition frequencies ωµν = [LS + LSR]µν are stochastically dis-
tributed, i.e. the transition is inhomogeneously broadened (cf. chapter 5). More generally the
reservoir dynamics is to be split into a fast and a slowly reorganizing part RF and RS, respec-
tively. The averaging over the fast part 〈. . .〉RF yields homogeneously broadened line shapes
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as given by the functions ζ10(ω), ζ01(ω), and σ10 (ω, ω
′) (cf. Eqs. 3.14 and 3.16), while that
over the slow part 〈. . .〉RS has to be carried out over the line-shape function as a whole (cf.
Eq. 3.18) resulting in the inhomogeneous broadening, i.e. stochastically distributed transition
frequencies
ω10 =
[〈LS + LSRS〉RF ]1010 . (3.19)
For the combinations and intermediate cases of both types of broadening in a NLPF-spectrum
see supplement 3.5 and chapter 5.
3.2 Harmonic oscillator model
In order to determine the properties, particularly the frequency dependence and relation be-
tween real and imaginary part of Γµν(ω) and γµν(ω), first of all it is necessary to find a mi-
croscopic model for the relevant system and the reservoir in terms of quantities, which can be
treated by statistical methods in order to evaluate Eq. 3.6. In this section a simplified model
for the dissipative dynamics of very diluted dye-molecules in a condensed non-crystal solvent
(liquid or glass) will be developed.
For the electromagnetic coupling primarily the electronic system of the dye-molecule is
responsible. Therefore a separation of the motion of the electrons of the dye molecule from
that of its nuclei as well as of the surrounding solvent molecules is advisable. This means
Born-Oppenheimer approximation. The total Hamiltonian of the molecular system is given by
Hmol =
∑
el
∑
nuc
(
V (rel, rnuc)− ~
2
2mel
∇2el −
~2
2Mnuc
∇2nuc
)
(3.20)
where the index el assigns electronic and the index nuc nuclear coordinates. Thereby it shall be
not important whether rnuc and ∇nuc refer to the nuclei of the dye-molecule or to the position
of complete solvent molecules, while rel and ∇el are to refer only to the dye-molecule, which
will represent the relevant system. According to the Born-Oppenheimer separation, firstly one
determines the eigen-states |µ〉 of the electronic Hamiltonian
Hel =
∑
el
(
V (rel, r
0
nuc)−
~2
2mel
∇2el
)
(3.21)
for a given conformation r0nuc. In what follows, the eigen-states |µ〉 will refer only to this
configuration (diabatic basis). Nevertheless, one can determine the matrix elements of the
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electronic Hamiltonian 〈µ|Hel |ν〉 for each conformation rnuc by
Uµν(rnuc) = 〈µ|
{
V (rel, rnuc)− V (rel, r0nuc)
} |ν〉
=
∫ {
V (rel, rnuc)− V (rel, r0nuc)
}
ρ˜µν(rel)d
3r. (3.22)
Here, the diagonal matrix element ρ˜µµ(rel) represents the electron density for the state |µ〉 and
correspondingly Uµµ(rnuc) the diabatic potential surfaces for the nuclear motion if the electronic
system is in the state |µ〉. The off-diagonal matrix element ρ˜µν(rel) represents an electronic
transition density and consequently Uµν(rnuc) for µ 6= ν describes not a potential but the
coupling between the two different electronic states |µ〉 and |ν〉. For the nuclear conformation
r0nuc, which has been used for determination of the orthonormal diabatic basis set, the coupling
must trivially vanish, i.e. Uµν(r
0
nuc) = εµδµν . Concluding the diabatic Hamiltonian for the
nuclear motion has the form
Hµν =
(
εµ −
∑
nuc
~2
2Mnuc
∇2nuc
)
δµν + Uµν(rnuc). (3.23)
It has to be noted, that there exists some freedom in the choice of the nuclear conformation
r0nuc used for the determination of the diabatic basis-set. The most useful choice of r
0
nuc,
however, is a global stationary point for the nuclear motion (supposed it exist), since with
trR
{
rnucρ
(0)
R
}
→ r0nuc for T → 0K (cf. Eq. 3.13), the following calculations will be a little bit
simpler.
3.2.1 Harmonic oscillator approximation
The diabatic potential surface of the electronic ground state U00(rnuc) can be expanded into a
power series around its minimum as
U00 (. . . Qξ . . .) =
1
2
∑
ξ
~ωξQ2ξ + . . . , (3.24)
by using dimensionless normal mode coordinatesQξ and the oscillator frequencies ωξ. Expanded
in the same coordinate system the diabatic potential surfaces for the other electronic states reads
as
Uµν (. . . Qξ . . .) =
∑
ξ
~ωξqξµνQξ +
∑
ξ,ξ′
~ωξWξξ′µνQξQξ′ + . . . , (3.25)
with the dimensionless gradients
qξµν =
1
~ωξ
∂Uµν (. . . Qξ . . .)
∂Qξ
∣∣∣∣
Qξ=0
, (3.26)
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and Hessian elements
Wξξ′µν =
1
2~ωξ
∂2Uµν (. . . Qξ . . .)
∂Qξ∂Qξ′
∣∣∣∣
Qξ=Qξ′=0
. (3.27)
Neglecting higher orders in Qξ than second, forWξξ′µν > 0 the potential surfaces Uµµ(. . . Qξ . . .)
represent harmonic oscillator potentials. The displacement of their minimum versus the ground-
state minimum is given by the gradients qξµµ, while the Hessian elements Wξξ′µµ take into
account that the oscillator frequencies of the excited-state potential surfaces may be different
from ωξ, but also that the normal coordinate system may be rotated. Using qξµν and Wξξ′µν
one can specify the criterion for a mode ξ allowed to be treated as a reservoir mode: Since the
nuclear motion belonging to such a mode may affect only small perturbations of the potential
surface of the excited states compared to that of the ground state, one needs the condition
qξµν  1 and Wξξ′µν ≈ δξξ′δµν (3.28)
to be fulfilled. In what follows all terms of higher than second order in Qξ shall be negligible
3.
Furthermore, for sake of simplicity it will be assumed that Wξξ′µν = δξξ′δµν . Fig. 3.1 shows a
section through the diabatic potential surfaces Uµµ (Qξ), Uνν (Qξ), and Uµν (Qξ), respectively,
for one normal mode coordinate Qξ. Note that in the shown scheme the values for the displace-
ments qξ,µν , qξ,µµ, and qξ,νν are definitely to large for a reservoir mode according to Eq. 3.28,
while the second condition Wξξ′µν = δξξ′δµν is fulfilled.
Represented in dimensionless coordinates Qξ and momenta Pξ = ∂/∂Qξ, the Hamiltonian
for the nuclear motion of the reservoir modes reads as
Hµν ≈ ~ωµ0δµν + 12
∑
ξ
~ωξ
(
P 2ξ +Q
2
ξ
)
δµν −
∑
ξ
~ωξqξµνQξ, (3.29)
For applying the reduced density matrix method as described above, the Hamiltonian in Eq.
3.29 is to split into three terms: The relevant system Hamiltonian
HS =
∑
µ
~ωµ0 |µ〉 〈µ| , (3.30)
the reservoir Hamiltonian
HR =
1
2
∑
ξ
~ωξ
(
P 2ξ +Q
2
ξ
)
, (3.31)
3A mode ξ∗ which do not fulfil these criteria, has to be treated as part of the system Hamiltonian HS .
The resulting eigenstates |µM〉 represent product states of electronic wavefunction φµ(rel) and the vibrational
wavefunction ΦµM (Qξ∗) (see chapter ??).
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Figure 3.1: Sections Uµµ(ωξ) and Uνν(ωξ) through the potential surfaces of two electronic states
|µ〉 and |ν〉 for the dimension less normal mode coordinate Qξ (simplified model for Hamiltonian
according to Eq. 3.29). The electronic transition frequency is ωνµ, the vibrational frequency
ωξ. The displacements are given as qξ,µµ and qξ,νν , respectively.
and last but not least the system-reservoir interaction
HSR =
∑
µ,ν
∑
ξ
~ωξqξµνδξξ′Qξ |µ〉 〈ν| . (3.32)
The three Liouville operators LS, LR and LSR corresponding to HS, HR, and HSR will be used
for the determination of the relaxation operator R(ω) according to Eqs. 3.6 and 3.8.
3.2.2 Correlation function and spectral density
Since for harmonic oscillators in thermal equilibrium (remember that above ρ
(0)
R has been sup-
posed to represent the equilibrium state of the reservoir if the relevant system is in the ground
state) the average 〈Qξ〉R vanishes as the first term 〈LSR〉R in Eq. 3.6. Thus for determination
of R(ω) only the time-dependent term 〈LSR(t+ τ)LSR(t)〉R has to be evaluated. By separating
the propagation of the system and the reservoir one can introduce the time-correlation functions
of the reservoir as
Cξξ′(τ) = 4ωξωξ′ 〈Qξ(τ)Qξ′(0)〉R = ω2ξ {nξ exp [iωξτ ] + (nξ + 1) exp [−iωξτ ]} δξξ′ . (3.33)
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For a thermally equilibrated reservoir the occupations are given by nξ = n(ωξ) using the Bose-
Einstein distribution
n(ω) =
1
exp [~ω/kT ]− 1 . (3.34)
Using the half-sided Fourier transformed of Cξξ(τ) given as
Cξ (ω) =
∫ ∞
0
Cξξ(τ) exp[iωτ ]dτ, (3.35)
one can express the frequency dependent relaxation matrix Rµνκλ (ω) (see Eqs. 3.6 and 3.8) as
Rµνκλ(ω) =
∑
ξ,µ′
(
δνλqξµµ′qξµ′κCξ (ωµ′ν − ω) + δµκqξλµ′qξµ′νC∗ξ (ωµ′κ + ω)
)
− qξµκqξλν
(
Cξ (ωµλ − ω) + C∗ξ (ωνκ + ω)
)
. (3.36)
This formula contains still a nearly infinite number of parameters qξµν and correlation functions
Cξ (ω). Therefore, a statistical model is to apply, which enables one to carry out the summation
over the modes ξ. The basis for such a statistical model is the assumption that the displacements
qξµν representing the system-reservoir coupling are stochastically distributed and statistical
independent to each other. This means one can substitute∑
ξ
qξµνqξκλ . . .→ δµλδνκ 1
pi
∫ ∞
−∞
. . . Jµν(ω)dω
′, (3.37)
introducing the spectral density Jµν(ω) as
Jµν(ω) =
∑
ξ
q2ξµν δ(ωξ − ω). (3.38)
The spectral density is directly related to the variances of the displacements for a certain
interval of mode frequencies. There exists several spectroscopic methods, e.g. by site-directed
fluorescence spectroscopy [Peterman et al., 1997,Pullerits et al., 1995], which have been applied
in order to determine Jµν(ω) for certain kinds of transitions experimentally. For practical
purposes, however, one will be described the Jµν(ω) by a theoretical continuous model function.
Now one will summarize the correlation functions and displacements for a given transition
µ↔ ν to a single coupling function
Kµν(ω) =
∑
ξ
q2ξµνCξ (ω) , (3.39)
which in the continuous limit (cf. Eq. 3.37) yields as
Kµν(ω) = {Jµν(ω) (n(ω) + 1) + Jµν(−ω)n(−ω)}ω2
+
i
2
PV
∫ ∞
−∞
Jµν(ω) (n(ω) + 1) + Jµν(−ω)n(−ω)
ω − ω′ ω
′2 dω′. (3.40)
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Note that ImKµν(ω) is correlated to ReKµν(ω) by a Kramers-Kronig relation (PV stands
for principal value), which is expression of the analyticity of the complex coupling function
Kµν(ω) [Ja¨nich, 1983]. This relation is rather important, since it means that the imaginary
part of Kµν(ω) can only exist if the real part is frequency dependent.
3.2.3 Frequency dependent dephasing and energy relaxation rates
By applying Eq. 3.37 on Eq. 3.36 one obtains the astonishing result that the frequency
dependent relaxation matrixRµνκλ(ω) decomposes directly into the frequency dependent energy
relaxation rates, which are given by
γµν (ω) = Kµν (ωνµ + ω) +K
∗
µν (ωνµ − ω) for µ 6= ν (3.41)
γµµ (ω) = −
∑
κ 6=µ
(
Kκµ (ωκµ + ω) +K
∗
κµ (ωκµ − ω)
)
. (3.42)
and the frequency dependent dephasing rates given by
Γµν(ω) =
∑
κ
Kµκ (ωκν − ω) +
∑
κ
K∗νκ (ωκµ + ω) , (3.43)
as if one would have applied the secular approximation (cf. Eq. 3.12).
The static energy relaxation rate γµν (0) = ReKµν (ωνµ) is real and represents the non-
oscillating transfer of occupation from the diabatic electronic state |ν〉 to the state |µ〉. The
transfer vice versa happens with the rate γνµ (0) is connected to γµν (0) by the detailed balance,
which generalized to the frequency dependent energy relaxation rates γµν (ω) yields as
Reγµν (ω)
Reγνµ (ω)
= exp
[
− ~
kT
(ωµν + ω)
]
. (3.44)
Note that due to the construction of the diagonal elements γµµ (ω) = −
∑
κ 6=µ γκµ (ω) (cf. Eqs.
3.41 and 3.42) for ω = 0 the whole energy relaxation matrix γ(0) becomes singular. This
makes a special treatment for the determination of the diagonal matrix elements of the Greens
function Gµµκκ (ω) necessary, as mentioned above (cf. Eq. 3.11) and will be demonstrated in
chapter 4.
The dephasing rate Γµν(ω) as given in Eq. 3.43 contains contributions from both, off-
diagonal coupling functions Kµν(ω), which occur also in Eq. 3.41 for the energy relaxation
rate, and the diagonal coupling functions Kµµ(ω) and K
∗
νν(ω). For the absorption spectrum
as well as for the pump-dependence of the T2-peak of a two-level system the dephasing rate
Γ
(0)
10 (ω) in the vicinity of the transition frequency ω10 is of special interest. The superscript
(0)
means that the reservoir is initially equilibrated for the ground state |0〉 (cf. Eq. 3.13) where
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also the diabatic basis set is defined on, i.e. qξ,00 = 0 (see above). According to Eq. 3.40 for
ω → ω10 one obtains the real part of the dephasing rate at ω10, as
ReΓ
(0)
10 (ω10) =
∣∣∣∣γ11(0) + γ00(0)2
∣∣∣∣+ kT~ limω→0 [ωJ11 (ω)] . (3.45)
For the dephasing rate being constant (Markov limit) 2ReΓ
(0)
10 (ω10) represents the homogeneous
line width of the absorption spectrum (FWHM) as well as that of the T2-peak in respect of
the pump-frequency dependence (FWQM; cf. Eq. 3.14). The first term in Eq. 3.45 represents
the dephasing caused by the finite lifetimes of the involved electronic states, as caused by the
energy relaxation. The second term represents the pure dephasing, which describes the de-
synchronization for the nuclear motion on two different multi-dimensional potential surfaces
due to the different displacements qξ,11 for the different modes ξ (note that for qξ,00 = 0 ⇒
J00 (ω) = 0). The obtained linear temperature dependence of the pure dephasing term is directly
related to a line-broadening of the absorption band as well as of the T2-peaks with increasing
temperature (see Eq. 3.14). For the occurrence of pure dephasing, however, one has to suppose
that the spectral density show an asymptotic as ω−1 for ω → 0, i.e. asymptotically ohmic [May
and Ku¨hn, 2000]. This is not a problem at all, since it has been shown that a reservoir, where
certain modes, which are directly coupled to the relevant system, are damped by the others, e.g.
in the Brownian oscillator model [Mukamel, 1995], can with certain reservations be mapped to
an asymptotically ohmic spectral density Jµν(ω) of uncoupled modes
4.
The imaginary part of the dephasing rate at ω = ω10 is given by
ImΓ
(0)
10 (ω10) = ∆ω10 +
S11
2
, (3.47)
where the Stokes-shift of the transition has been introduced as
S11 =
∫ ∞
0
ω′J11(ω′)dω′. (3.48)
4In general pure dephasing can occur also without the constriction to assymptotically ohmic spectral densities
Jµµ(ω). If beside the displacements qξµµ (bilinear coupling) also Hessians Wξξ′µµ 6= δξξ′ (linear-quadratic
coupling) are to consider, one obtains a second spectral density which is given as
J (2)µµ (ω, ω
′) =
∑
ξ,ξ′ 6=ξ
W 2ξξ′µµδ (ω − ωξ) (δ (ω′ − ωξ′) + δ (ω′ + ωξ′)) ,
and provides a coupling function K(2)µµ (ω) analogous to that used in Eq. 3.43. The real part of K
(2)
µµ (ω) yields
as
ReK(2)µµ (ω) = −
∫ ∞
−∞
ω′2J (2)µµ (ω
′, ω′ + ω)n (ω′) (n (ω′ + ω) + 1) dω′, (3.46)
which can be non-zero for all ω, even though J (2)µµ (ω′, ω′′) is finit for ω′, ω′′ → 0. This extension of the model,
however, provides a non-linear temperature dependence of the homogeneous line width in general.
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The first terms in Eq. 3.47 given by
∆ω10 = Im {K10 (ω10)} − Im {K01 (ω01)} (3.49)
represent the second order corrections to the eigen-frequencies ω10 of the relevant system by
the off-diagonal system-reservoir coupling between them5. The imaginary part of an otherwise
constant dephasing rate (what, however, is only approximately possible due to the Kramers-
Kronig relations for Eq. 3.40) would result simply in a shift of the T2-peak (pump-frequency
dependence) from the transition frequency ω10 to ω10 + ImΓ
(0)
10 (ω10) (cf. Eqs. 3.14 and 3.16,
respectively). The probe-frequency dependence of the T2-peak is different, since for the probing
function ζ01 (ω) as defined in Eq. 3.16 one needs the dephasing rate Γ
(1)
10 (ω). This can be
obtained from Eq. 3.43 simply by exchanging J11 (ω) and J00 (ω), what results in
Γ
(1)
10 (ω) = Γ
(0)
01 (−ω) =
[
Γ
(0)
10 (ω)
]∗
. (3.50)
Consequently, the line-shape of ζ01 (ω), which represents the probed emission, is the image mir-
rored at the axis ω = ω10 of the line-shape of ζ10 (ω), which represents the bleached absorption.
In the case Γ
(0)
10 (ω) ≈ Γ(0)10 (ω10) 6= Γ(1)10 (ω10) (cf. above), the probe-frequency dependence of the
T2-peak is the superposition of two complex Lorenzians (cf. Eq. 3.17) with maxima approxi-
mately separated by the ‘effective’ Stokes-shift S11 + 2 (∆ε1 −∆ε0). Unfortunately, the ‘pure’
Stokes-shift S11 can not be extracted from the ‘effective Stokes-shift, since a independent deter-
mination of the term 2 (∆ε1 −∆ε0) e.g. by the complex energy relaxation rate γ01(ωt−ωp) via
the T1-peak (cf. Eq. 3.17) is not possible. According to Eq. 3.41 for Imγ01(0) = Imγ10(0) = 0
the interesting terms cancel out. In the case of non-Markovian T2-peaks it becomes even
more difficult to extract the parameters ∆ε1, ∆ε0, and S11 from the ‘effective’ Stokes-shift as
measured by NLPF (cf. Fig. 3.5).
5Interpreting the imaginary parts of the first terms in Eq. 3.43 as shifts of the eigen-energies εµ for the
relevant system by the system bath coupling one obtains
∆ωµ0 →
T→0K
1
2
∑
κ6=µ
∑
ξ
|ωξqξµκ|2
ωµ0 − ωξ .
according to Eq.3.39. For ωµ0  ωξ this expression is quite similar to
∆ε(2)µ =
1
2
∑
κ6=µ
∣∣H ′µκ∣∣2
εµ − εκ ,
which one obtains from second order Rayleigh-Schro¨dinger perturbation theory using the perturbation hamil-
tonian
H ′µκ =
∑
ξ
~ωξqξµκQξ
for statistically independent coupling constants qξµκ and
〈
Q2ξ
〉
= 1 in the vibrational ground state.
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3.2.4 Debye spectral density
In order to analyze NLPF-spectra in the non-Markovian case of complex, frequency dependent
relaxation rates, the spectral density Jµν(ω) is to be represented by a smooth model function
with as few parameters as possible instead of using Eq. 3.38, which picks out a infinite number
of single modes from the reservoir by δ-functions. Last but not least this is necessary for the
mapped the spectral densities Jµµ(ω) being asymptotically ohmic, as mentioned above (cf. Eq.
3.45). Beside of the asymptotic ω−1 for ω → 0 the used function Jµµ(ω) has to be limited for
ω →∞. Otherwise, one will not obtain a finite Stokes-shift Sµµ (cf. Eq. 3.48).
An example for a smooth function, which fulfills both requirements to the spectral density,
is the so-called Debye spectral density [Mukamel, 1995,May and Ku¨hn, 2000], which is given
as
Jµν(ω) =
Sµν
piω
ωD
ω2 + ω2D
, (3.51)
with a characteristic frequency ωD, called the Debye frequency. Here, it has been assumed that
the spectral density Jµν(ω) is independent of the states |µ〉 and |ν〉, except for the parameter
Sµν . It should be mentioned that the Debye spectral density represents the simple case of an
reservoir represented by a single overdamped Brownian oscillator [Mukamel, 1995].
Inserting Eq. 3.51 in Eq. 3.40 one obtains immediately the real part of the function Kµν(ω)
as
ReKµν(ω) = Sµν
ωDω
ω2 + ω2D
1
1− exp [−~ω/kT ] . (3.52)
After a bit more complicated calculation, the imaginary part of the function Kµν(ω) turns out
to be
ImKµν(ω) = Sµν
ωDω
ω2 + ω2D
(
ωD
2ω
+
kT
~ωD
+
1
pi
ψ
[
~ωD
2pikT
]
− 1
pi
Reψ
[
i
~ω
2pikT
])
, (3.53)
where ψ [x] represents the Digamma function [Abramowitz and Stegun, 1972]. In Fig. 3.2
the function Kµν(ω) is shown for different temperatures. Note that ReKµν(0) = SµνkT/~ωD
and ImKµν(0) = Sµν/2 is valid at any temperature in correspondence to Eqs. 3.45 and 3.47,
respectively.
In the high temperature limit, i.e. kT  ~ωD, one obtains
Kµν(ω) →
kT~ωD
Sµν
kT
~ (ωD − iω) , (3.54)
It is worth to be noted that the Fourier transformed of Kµν(ω) represents an exponential decay
with a time constant τR = ω
−1
D (cf. supplement 3.5). This express clearly the fact that the
Debye spectral density represents an overdamped reservoir dynamics (cf. [Mukamel, 1995]). The
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Figure 3.2: Coupling function Kµν(ω) for a Debye spectral density at T = ~ωD/k (solid line:
ReKµν(ω); dots: ImKµν(ω)) and for T → 0K (dashes: ReKµν(ω); dash-dots: ImKµν(ω)).
Markov-limit is obtained for ωD  |ω|, where according to Eq. 3.54 the functions Kµν(ω) and
subsequently the relaxation rates are approximately real and frequency independent. In time
domain this means τR → 0, with other words there exists no memory for the system-reservoir
interaction (cf. section 3.1.3).
In the low temperature limit (ωD  kT/~) from Eqs. 3.52 and 3.53 one obtains
Kµν(ω) →~ωDkT Sµν
ωDω
ω2 + ω2D
(
Θ [ω] +
i
2
ωD
ω
+
i
pi
ln
∣∣∣ωD
ω
∣∣∣) . (3.55)
The unit-step function Θ [ω] express the fact that for T → 0K thermal activated energy fluc-
tuations of the reservoir (ω < 0) are not available but only dissipation of the excess energy
(ω > 0) from the relevant system into the reservoir.
3.3 NLPF-spectrum of a dissipative two-level system
The NLPF-spectrum of a dissipative two-level system with probably non-Markovian reservoir
dynamics is given by the line-shape function in Eq. 3.17 for ωD  γ01 (ω) (cf. Eq. 3.15). The
latter condition calls for studying the frequency dependent energy relaxation rate first, which
also determines the T1-peak, .
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3.3.1 T1-peak of a dissipative two-level system
Since the optical transition the frequency ω10 is much larger than the detuning ωt − ωp the
T1-peak depends on (cf. Eq. 3.17), it is useful to expand γ01 (ωt − ωp) into a Taylor series for
the small parameter (ωt − ωp) /ω10 as
γ˜01 (ω) ≈ γ˜01 + γ˜′01
ω
ω10
+ . . . . (3.56)
Here γ01 represents the static energy relaxation rate given by
γ˜01 = γ01 (0) ≈ S10 2ωDω10
ω210 + ω
2
D
. (3.57)
Due to the detailed balance (cf. Eq. 3.44) for ~ω10  kT the corresponding static uphill energy
relaxation rate is negligible, i.e. γ10 (0) ≈ 0. Note that inter alia the static rate γ˜01 determines
the height of the T2-peak (cf. Eq. 3.17). Using Eq. 3.57 one can also check the time-scale of
the energy relaxation in comparison to that of the reservoir reorganization, which is given by
τR = ω
−1
D (see above and supplement 3.5). Thus the condition ωD  γ˜01 (0) corresponds to
Eq. 3.15 and is certainly fulfilled for S10  ω10. Hence, for the present case, where the Debye
spectral density given in Eq. 3.51 is the same for dephasing and energy relaxation, one can
usually assume that the reservoir is equilibrated before the excited state is probed6. Therefore,
in what follows the line-shape function as given in Eq. 3.17 shall be used in order to analyze the
NLPF-spectrum of a dissipative two-level system the case of the two-level system at sufficient
high temperature.
The linear term of Eq. 3.56 is purely imaginary with the coefficient γ˜′01 given as
γ˜′01 ≈ i
2
pi
γ˜01
ω210 − ω2D
ω210 + ω
2
D
(
ψ
(
~ωD
2pikT
)
+
pikT
~ωD
− 1
)
(3.58)
The non-linear terms of the Taylor series are absolutely much smaller than
∣∣∣γ˜01 + γ˜′01 ωω10 ∣∣∣. Even
if the linear term is the dominant one, the T1-peak will be still a Lorenzian, however, then with
a line width given as
FWHM ≈ 2 γ˜01
(
1 +
γ˜′01
iω10
)−1
. (3.59)
Usually |γ˜′01|  ω10 is valid for a wide range of Debye frequencies ωD. Even for ωD ∼ ω10 (but
ωD 6= ω10) the maximum corrections are of the order S10/ω10  1. Thus in order to determine
the T1-peak one can usually set γ˜01 (ω) ≈ γ˜01 as in Markov approximation.
6In the case of inhomogeneous broadening (cf. supplement 3.5 and section 5) the constriction to a unique
Debye spectral density seems obviously to be wrong.
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3.3.2 Non-Markovian T2-peak in the high temperature limit
As mentioned above for the two-level system the frequency dependence of the energy relaxation
rate γ01 is usually negligible. Therefore, it is the pure-dephasing part in Eq. 3.43 which may
causes a deviation of the shape of the T2-peak from the (quadratic) Lorenzian shape shown
in Fig. 2.3, due to a non-Markovian dynamics. Both dependences, that on probe as well as
that on pump frequency are affected, since the complex and frequency dependent dephasing
rate Γ
(0)
10 (ω) occur in the cross-section of pumping σ10 (ωp, ωp) and as well as in the combined
probing functions ζ10(ωt) + ζ01(ωt) (cf. Eqs. 3.14, 3.16, and 3.17; for ζ01(ωt) see below).
In the high temperature limit kT  ~ωD according to Eqs. 3.54 the frequency dependence
of the dephasing rate is given by
Γ
(0)
10 (ω) = Γ
(1)
10 (ω) =
γ01
2
+ Γ¯10
ωD
ωD − i (ω − ω10) . (3.60)
using the ‘Markovian’ pure-dephasing rate
Γ¯10 = S11
2kT
~ωD
. (3.61)
Note that in the high temperature limit the Stokes-shift is negligible for Γ¯10  S11.
The Markov limit is obtained for the relevant frequency range if Γ¯10  ωD, which means
an extremely small Stokes-shift S11 – more precisely
S11  ~ω
2
D
2kT
 ωD. (3.62)
Note that this condition is more constrictive than the initial one that the displacements qξ,11
have to be small for application of perturbation theory in the system-reservoir interaction.
Nevertheless, for Γ¯10 & ωD the second order perturbation theory as used above fails. Thence,
one has to apply other methods like the cumulant expansion (see supplement 3.5). In the
extreme case γ01  ωD  Γ¯10, which represents the inhomogeneous dephasing limit7, one
obtains the probing functions (cf. Eqs. 3.80-3.83) as
ζ10 (ω) = ζ01 (ω) ≈ |µµν |
2
~ε0nc
ω√
2piΓ¯10ωD
∞∫
−∞
exp
[
− ω′2
2Γ¯10ωD
]
γ01 + i (ω − ω′ − ω10 − S11)dω
′. (3.63)
Thus the square module |2ζ10 (ωt)|2 describes the complete probe-frequency dependence of the
T2-peak. The cross-section of pumping σ10 (ω, ω) = 2Re {ζ10 (ω)} represents a Voigt-profile
7The author prefer to call the limit Γ¯01  ωD the inhomogeneous dephasing limit (cf. [Mukamel, 1995]).
With regard to the specifica of the two-dimensional NLPF-spectrum (cf. section 5) the name inhomogeneous
limit shall be reserved for the limit γ01  ωD.
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with a Gaussian width (FWHM) of 2
√
ln 2Γ¯10ωD and a Lorenzian width of 2γ01. In order
to obtain the pump-frequency dependence of the T2-peak this has to be only squared. Both
frequency dependences are not really correlated to each other according to Eq. 3.17. In section
5.3 one will see that the same result can be obtained more easily by using the energy transfer
model which represents the spectral diffusion within a inhomogeneously broadened spectrum
(cf. Fig. 5.5).
Figure 3.3: Nonmarkovian pump and probe frequency dependences of the T2 peak (σ10(ωp, ωp)
2
and |ζ10(ωt)|2, respectively) in the high temperature limit (kT  ~ωD), for Γ¯10/ωD = 0.1
(dots), 1 (solid line), and 10 (dashes). Calculation according to section 3.5.1. All functions are
normalized for maximum. Axes label as ∆ωp,t = (ωp,t − ω10) /ωD.
In Fig. 3.3 the probe- and the pump-frequency dependences of the T2-peaks at high tem-
perature are shown. Thereby, the Stokes-shift S11 and energy relaxation rate γ01 have been
assumed to be negligibly small (cf. above). For increasing ratios Γ¯10/ωD the line shapes demon-
strate the transition from the Markov-limit (Lorenzian) to the inhomogeneous dephasing limit
(Gaussian). Interesting the intermediate case Γ¯10 = ωD seems to interpolate between the line
shapes of the two extreme cases. While the central part looks like the (quadratic) Lorenzian
obtained in the Markovian-limit, the outer wings decline more like those of a Gaussian. An-
other interesting fact is that in the intermediate case the widths of the T2-peak in respect of
the probe- and the pump-frequency dependences (FWHM and FWQM , respectively) do not
correspond anymore (cf. Fig. 3.4), since the FWHM of |2ζ10 (ωt)|2 is slightly larger than the
FWQM of |σ10 (ωp, ωp)|. Beside, the significant decline of the wings, which may be difficult to
identify, this may be the only hint to a non-Markovian pure dephasing process that one can
find in a NLPF-spectrum of a two-level system at high temperature.
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Figure 3.4: Non-Markovian T2-peak of a two-level system for Γ¯10 = ωD  γ01, kT/~. Isolines
are drawn at 0.125, 0.25, 0.5, 0.75 of the maximum value. The dashed circle represents the
FWQM in respect of the pump-frequency dependence. Axes lables as in Fig. 3.3.
In the ‘real’ inhomogeneous limit (ωD  γ01, Γ¯10) the cumulant expansion fails (by reasons
given in the supplement 3.5). Therefore, an alternative method for calculating the inhomoge-
neous broadening, which will be demonstrated in chapter 5, is to prefer. In this limit, the probe
and pump frequency dependences are extremely correlated to each other (cf. Eq. 3.78), i.e. the
position of the probe frequency dependence of the T2-peak maximum shifts to higher frequen-
cies for increasing pump frequency (cf. Fig. 5.1). For the intermediate case Γ¯10 & ωD & γ01,
between homogeneous and inhomogeneous broadening, the cumulant expansion (cf. supplement
3.5) is the favorable method.
3.3.3 T2-peak at low temperatures
At lower temperatures, where kT . ~ωD (but still γ01  ωD) the NLPF-spectrum of the
two-level system results from the NLPF-line-shape function as given by Eq. 3.17. This means
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again that the pump and probe frequency dependences of the T2-peak are not correlated to
each other. The cross-section of pumping and the probing function however given by Eqs. 3.14
and 3.16 may be quite different to those obtained in the high temperature limit.
Figure 3.5: Nonmarkovian pump and probe frequency dependences of the T2 peak (σ10(ωp, ωp)
2
and |ζ10(ωt) + ζ01(ωt)|2, respectively) for Stokes shift S11 = ωD at temperatures T → 0K (dots),
T = 0.5TD (dashes) T = TD (dash dots) and T = 2TD (solid line) with TD = ~ωD/k. Axes
label as ∆ωp,t = (ωp,t − ω10) /ωD.
For lowering the temperature the T2-peaks show specific features resulting
8 (cf. Fig. 3.5).
The pump frequency dependence σ10(ωp, ωp)
2 gets an asymmetric line-shape. Finally, at T →
0K it vanishes completely for ωp < ω10 and the maximum is shifted to ω10 + S11/2. The
probe frequency dependence |ζ10 (ωt) + ζ01 (ωt)|2, however, split into two peaks for T → 0K:
One with maximum at ωt > ω10 represents the probing of the bleaching (cf. ζ10 (ωt)), the
other with maximum at ωt < ω10 that of the stimulated emission (cf. ζ01 (ωt)), respectively.
Due to the complex superposition of the probe spectrum in NLPF at T → 0K the distance
between the two peak-maxima is slightly larger than the Stokes-shift (S11) as obtained from
the corresponding absorption and fluorescence spectra. All these effects are related to the
frequency-dependent dephasing rate, which at low temperatures is necessarily asymmetric at
least due tot he Bose-Einstein factor in Eq. 3.52 (cf. Fig. 3.2). The symmetry of the probing
function ζ10 (ωt) + ζ01 (ωt) in respect of the axis ωt = ω10 results from the general relation
between the dephasing rates Γ
(0)
10 (ω) and Γ
(1)
01 (−ω) as given by Eq. 3.50. Fig. 3.6 illustrates the
two-dimensional shape of the T2-peak at T → 0K.
8It will be assumed that the dephasing related to the energy relaxation, i.e. γ11 as well as ∆ε1 −∆ε0 (cf.
Eqs. 3.45 and 3.47) are negligible even for T → 0K.
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Figure 3.6: Nonmarkovian T2 peak for T → 0K. For other parameters and axes see Fig. 3.5.
At his point, however, two reservations have to be made: (i) for extreme low temperatures,
the reservoir dynamics may freeze out. This means that τR  ω−1D . In this case the condition
for thermalization of the reservoir before probing as given by Eq. 3.15 may not be fulfilled
anymore. In the extreme case this results in the inhomogeneous limit mentioned above (cf.
section 3.1.3 and chapter 5); (ii) for S11  ωD or kT/~ one obtains a cross-section of pumping
which almost represents a Lorenzian like that obtained in the Markov limit. The different probe
frequency dependence with two peaks, both almost Lorenzians, which are well separated by the
Stokes shift, only seems to clarify the different situation. In fact a similar pattern of T2-peaks
appears also for a multi-level system with e.g. excited state absorption (cf. section 4.1.4) which
is completely Markovian in all other respects.
3.4 Summary
In order to explain the homogeneous line shapes of the T1- and T2-peaks appearing in the NLPF-
spectrum of a dye diluted in a dissipative solvent a model has been developed – following an
approach only slightly different from the standard way [Blum, 1981,Mukamel, 1995,May and
Ku¨hn, 2000]. Based on the separation of the problem into a relevant system and a reservoir,
the degrees of freedom were reduced to a reasonable number. The relevant system has been
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described quantum–mechanically in a diabatic basis set. The remains of the reservoir after the
reduction were complex relaxation terms (see Eq. 3.36) in the effective equation of motion for
the relevant system. For the model of stochastically displaced harmonic oscillators these terms
reduce automatically to only two kinds of frequency dependent and complex relaxation rates:
the dephasing rate Γµν(ω) and the energy relaxation rates γµκ(ω). Thus one obtained the same
result as for applying the secular approximation. At this point the author would like to admit
that the featured methods to describe dissipation are still in general discussion, particularly
the Redfield approach if the secular approximation is not valid (cf. [Seke, 1991b]).
It turned out that the frequency dependence of the energy relaxation rates is only a minor
effect, which does not force the T1-peak to deviate from a Lorenzian (cf. the phenomenological
model in chapter 2) Whereas the frequency dependences of the dephasing rates are decisive
for the shapes of the T2-peaks, which may deviate from the (quadratic) Lorenzians in Fig. 2.3
extremely and particularly differently for the probe- and the pump-dependency (cf. Figs. 3.4
and 3.6). Only in the Markov-limit, when the reservoir reacts instantaneously, the T2-peak
results exactly as shown in Fig. 2.2.
These deviations have been studied in the work be presented for describing the reservoir by
the quite common Debye spectral density [Blum, 1981,Mukamel, 1995,May and Ku¨hn, 2000] in
certain limits. Thereby, it turns out that the second order perturbation theory for the system–
reservoir interaction is not always sufficient. For such cases it fails, the cumulant expansion
provides the exact result in the present model (see supplement 3.5). Unfortunately this ap-
proach needs a lot more computational effort in order to analyzing measured NLPF-spectra.
Therefore, in mainly two different limits will be used in what follows: (i) the Markov-limit,
with frequency-independent relaxation rates Γµν and γµν resulting in (quadratic) Lorenzian
line shapes,as already mentioned, and (ii) the inhomogeneous dephasing limit which results in
Gaussian line shapes or Voigt-profiles, respectively. The Markov-approximation representing
the homogeneous broadening will be implied for the discussion of multi-level systems in the fol-
lowing chapter 4. The transition to the corresponding non-Markovian but not inhomogeneously
broadened case (e.g. the inhomogeneous dephasing limit) is simply to perform by substituting
the respective constant rates by the frequency-dependent relaxation rates Γ
(ν)
µν (ω) in the respec-
tive NLPF-line-shape function. Note that in doing so one has to take care that emission and
absorption processes are treated separately. The special case of the inhomogeneous broadening,
which results from a non-Markovian energy relaxation due to an extreme slow reorganization of
the reservoir, will be treated in chapter 5. As mentioned above, in this case a strong correlation
between pump and probe frequency dependence of the T2-peak occurs (cf. fig. 5.1).
Further results, well-known but important in what follows, of this chapter are: (i) the
detailed balance between up- and downhill energy relaxation rates (cf. Eq. 3.44); (iii) the
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limitation of the total dephasing rate at low temperature by the energy relaxation (cf. Eq.
3.45), which means that the T1-peak can not be significantly broader than the T2-peak; (ii)
the linear temperature dependence of the pure dephasing rate, which suggests that for room
temperature the dephasing rate will mostly be much larger than the energy relaxation what
limits tunneling terms (cf. section 2.3.2) and two-photon peaks (cf. section 2.3.3); and (iv) the
occurrence of an Stokes-shift between probing the bleaching and the stimulated emission.
3.5 Supplement: Cumulant expansion
For the applicability of perturbation theory initially it has to be assumed that the system-
reservoir interaction given by HSR is small. For the harmonic oscillator model this limitation
can be overcome by using the cumulant expansion [Mukamel, 1995].
3.5.1 Cumulant expansion of the Greens function
In order to propagate the reduced density matrix ρµν(t) in time-domain one needs the Greens
function
G˜(t) = 〈G(t)〉R = 〈exp [i (LS + LR + LSR) t]〉R . (3.64)
Expanding the exponential function exp [LSRt] in the interaction picture the reduced into a
power series and carrying out the averages over the reservoir degrees of freedom for each addend
separately, the Greens function yields as
G˜(t) = 1 +
∞∑
n=1
in
t∫
0
· · ·
τn−1∫
0
〈LSR (τn) . . .LSR(τ1)〉R dτn . . . dτ1. (3.65)
using the interaction picture for the time dependent operatorLSR (t). In the framework of the
harmonic oscillator model used above one obtains cumulants 〈LSR (τn) . . .LSR(τ1)〉R which all
can be expressed in terms of R (τ) as given by Eq. 3.6. Thus the time-dependent Greens-
function for the reduced density operator reads as
G˜(t) = exp
[
iLS t−
∫ t
0
∫ t′
0
R (τ) dτdt′
]
. (3.66)
In secular approximation the matrix elements of G˜(t) which propagate the off-diagonal reduced
density matrix elements ρµν(t) for t ≥ 0 are given as
G˜µν,µν(t) = exp [iωµν t−Gµν(t)] (3.67)
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with the time-domain line-shape functions defined by
Gµν(t) =
1
2pi
∫ ∞
−∞
Γµν (ω
′)
1− iω′t− exp [−iω′t]
ω′2
dω′. (3.68)
Here the function Γµν (ω
′) is exactly that given by Eq. 3.43. For the Debye spectral density in
the high temperature limit (cf. Eq. 3.54) one obtains
Gµν(t) = 1− Γ¯µνt− Γ¯µν
ωD
exp [−ωDt] , (3.69)
which in the Markov limit (ωD  Γ¯10) results in Gµν(t) ≈ Γ¯µνt, reproducing the phenomenolog-
ical frequency domain Green’s function given by Eq. 2.20. In the limit Γ¯µν  ωD one obtains
approximately
Gµν(t) ≈ −12 Γ¯µνωDt2 (3.70)
which results by Fourier-transformation in the frequency domain Green’s function
G˜µν,µν(ω) = 1√
2pi Γ¯µνωD
exp
[
−(ω − ωµν)
2
2Γ¯µνωD
]
. (3.71)
This represents a Gaussian line-shape. In the inhomogeneous dephasing limit Γ¯µν  ωD 
γµµ + γνν the Fourier-transformed Greens function represents a complex Voigt-profile as given
by Eq. 3.63, due to the time-domain line-shape function being
Gµν(t) ≈ 12 (γµµ + γνν) t− 12 Γ¯µνωDt2. (3.72)
In the inhomogeneous limit, i.e. Γ¯µν , γµµ+ γνν  ωD, further considerations are necessary, due
to the non-Markovian energy relaxation, which will be shown in the next section.
The cross-section of pumping σ (ωp, ωp) as well as the probing functions ζµν (ω), as they result
from Eq. 3.71, are quite different from those obtained by the Eqs. 3.14 and 3.16, respectively,
if one use the frequency dependent dephasing rates Γ
(ν)
µν (ω) given as in Eq. 3.43 (see Fig. ??).
The reason for this difference is that in Eq. 3.7, which the deduction of Eq. 3.43 based on,
only the term linear in R (ω) has been considered. The cumulant expansion, however, counts
for all orders of R (τ). Nevertheless, it is possible to deduce a frequency dependent dephasing
rate Γ
(ν)
µν (ω) from the cumulant expansion, which can be applied to the Eqs. 3.14 and 3.16.
For Eq. 3.69 applied on Eq. 3.67 the Fourier-transformed Greens function G˜µν,µν(ω) can be
expanded into a continued fraction [Mukamel, 1995], which compared with the first term in Eq.
3.9 results in the frequency dependent dephasing rate
Γ(ν)µν (ω) =
Γ¯µνωD
ωD − i
(
ω − ω˜(ν)µν
)
+
2Γ¯µνωD
2ωD − i
(
ω − ω˜(ν)µν
)
+
3Γ¯µνωD
3ωD − iω − ω˜
(ν)
µν
ωD
+ · · ·
(3.73)
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for the renormalized complex transition frequency
ω˜(ν)µν := ωµν − 12 (Sµµ + iγµµ + iγνν) . (3.74)
For a Markovian energy relaxation here the diagonal rates γµµ and γνν have been supposed
to be frequency independent (cf. sections 3.1.3 and 3.3.1). One can see that the result from
second order perturbation theory as given by Eq. 3.60 represents a first approximation to the
continued fraction in Eq. 3.73 for small Γ¯µν . In the center of the T2-peak where |ω − ωµν | ∼ Γ¯µν
this might be a good approximation. The outer wings, however, decay Gaussian-like, as results
from Eq. 3.73 in the limit |ω − ωµν |  ωD (cf. Fig. 3.3).
3.5.2 Cumulant expansion for the NLPF-line-shape function
In order to calculate the NLPF line-shape function in the inhomogeneous limit (see section
3.1.3) one has to carry out the average over the reservoir degrees of freedom for the whole
NLPF-line-shape function s(ωt, ωp) (cf. Eq. 3.18). Analogously, in time domain one has to
average over the whole third order response function as 〈S (t1, t2, t3)〉R (see Eq. 2.44).Using the
cumulant expansion for the two-level system (cf. [Mukamel, 1995]) this results in
〈S (t1, t2, t3)〉R =
1
15
{ζ10(t3)β1010(t1, t2, t3)ζ10(t1)
+ζ01(t3)β0110(t1, t2, t3)ζ10(t1)
+ζ10(t3)β1001(t1, t2, t3)ζ01(t1)
+ ζ01(t3)β0101(t1, t2, t3)ζ01(t1)} (n1 − n0) (3.75)
using the time-propagation function for pumping and probing
ζµν(t) =
|µ10|2
~ε0nc
exp [iωµνt−Gµν(t)] (3.76)
and the tripel time-correlation function given by
βµνκλ (t1, t2, t3) = exp [−γ01t2]× exp [Gµν(t2 + t3)Gµν(t2)]
× exp [Gκλ(t1 + t2) +Gκλ(t1 + t2 + t3)] (3.77)
Here the energy relaxation rate γ01 has again been supposed to be frequency independent and
much larger than the backwards rate γ10 (cf. section 3.3.1). In general (cf. [Mukamel, 1995])
one obtains the NLPF-line-shape function as
s(ωt, ωp) =
1
15
|µ10|4 ωtωp
(~ωDε0nc)2
∞∑
n=0
{
Zn (ω˜10 − ωt) 2Re {Zn (ω˜10 − ωp)}
nωD + γ01
+
Zn (ω˜10 − ωt) {Zn (ω˜10 − ωt) + Z∗n (ω˜10 − ωp)}
nωD + γ01 + i (ωp − ωt)
}
(3.78)
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with the auxiliary (confluent hypergeometric) functions9
Zn (ω) =
∞∑
m=0
n!
m!
(
Γ¯10
ωD
)m
(n+ 1)m(
Γ¯10
ωD
− i ω
ωD
+ n+ 1
)
m
(
Γ¯10
ωD
− i ω
ωD
)
n+1
. (3.79)
For energy relaxations slower than the reservoir reorganization, i.e. ωD  γ01 (cf. section
3.1.3), all addends in Eq. 3.78 but that for n = 0 can be neglected. In this case there exists no
correlation between the probe- and pump-frequency dependence of the T2-peak, which result
from the probing functions and the cross-section of pumping given by
ζ10 (ω) =
|µ10|2 ω
~ε0nc
Z0
(
ω˜
(0)
10 − ω
)
(3.80)
ζ01 (ω) =
|µ10|2 ω
~ε0nc
Z0
(
ω˜
(1)
10 − ω
)
(3.81)
σ10 (ω, ω
′) =
|µ10|2 ω′
~ε0nc
(
Z0
(
ω˜
(0)
10 − ω
)
+ Z∗0
(
ω˜
(0)
10 − ω′
))
, (3.82)
respectively. The NLPF-line-shape function s(ωt, ωp) yields as in Eq. 3.17 by using these
functions.
In the Markov limit (Γ¯10, γ01  ωD) the auxiliary function is given by
Z0 (ω) =
1
i (ω − ω10) + Γ¯10 (3.83)
and the line-shape function is the same as for the phenomenological model Eq. 2.41, as expected.
More interesting is the inhomogeneous dephasing limit (Γ¯10  ωD  γ01) where the NLPF-
line-shape function s(ωt, ωp) for the T2-peak still factorize in a probe- and a pump-frequency
dependence, the relevant auxiliary function Z0 (ω), however, is given by
Z0 (ω) =
i√
2piΓ¯10ωD
∞∫
−∞
exp
[
−
(
ω′
2Γ¯10ωD
)2]
dω′
ω′ − ω . (3.84)
This results in the probing function ζ10 (ωt) as given by Eq. 3.63 and a Voigt-profile for the
cross-section of pumping σ10 (ωp, ωp). Finally, for extreme slow reorganization of the reservoir
compared to the energy relaxation in the ‘real’ inhomogeneous limit γ01  ωD the sum over n
in Eq. 3.78 converges badly. Consequently, the probe- and pump-frequency dependence of the
NLPF-line-shape function s(ωt, ωp) are highly correlated. In this case it is preferable to use the
alternative method of averaging the ‘homogeneous’ NLPF-line-shape function (considering the
fast reorganizing part of the reservoir) over a distribution of transition frequencies as mentioned
in section 3.1.3 and demonstrated in chapter 5.
9(x)m =
{
1 for x = 0
x (x+ 1) . . . (x+m− 1)
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NLPF-spectra of multi-level systems
The NLPF-spectra as any spectra of molecular and supramolecular systems show a band
structure, which represents the convolution of a discrete structure with different types of line-
broadening. The former reflects the transitions between the different energy levels of the rel-
evant system which can be e.g. displayed by a term scheme. The latter results from the
interaction of the relevant system with a reservoir of modes as discussed previously (cf. chap-
ter 3). In absorption spectroscopy only the distribution of the transition frequencies and the
corresponding oscillator strengths determine the discrete structure of the spectrum. For NLPF
as a combination of pump-probe and polarization spectroscopy additionally the energy relax-
ation path and the transition dipole orientations are important. To reveal both is the purpose
for the analysis of the two-dimensional NLPF-spectrum. In order to do this, one can use the
correlation between the probe- and pump-dependence of the T2-peaks and additionally the line
shape of the T1-peak. The T2-peak correlations results from the fact that the probe beam can
only pass the crossed polarizer, if the respective transition has been bleached or enhanced by
pumping. Thereby the pumped transition may not be identically with the probed one. In fact
the correlations depend on the respective term scheme and the accompanying energy relaxation
path.
A first move towards a theoretical description of NLPF-spectra for multi-level systems was
made by Andrews and Hochstrasser [Andrews and Hochstrasser, 1980], who investigate a three-
level system with two well separated transitions1. For more than two subbands, especially if
they overlap, their method of deduction is not really suitable, though generalized it would be
provide the same as what will be demonstrated in what follows. Completely ignored was the T1-
peak, though this shows the interesting feature of being asymmetric for overlapping subbands.
1Beside they also considered the tunneling terms (cf. section ), what will not be done in the present work
by reasons given below.
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Instead of the T1-peak, they considered one of the tunneling terms (cf. section 2.3.2), which
in the present work will be ignored with reasons as shown below. It is also astonishing that
Saikan and Sei did not register such an asymmetry, though it is clearly to see by their data for
rhodamine-B [Saikan and Sei, 1983a]. Neef and Mory discussed the T1-peak asymmetry but
only in the context of the spectral diffusion, not as a general property of the NLPF-spectrum
of multi-level systems [Neef and Mory, 1991]. First considerations towards the heterogeneous
substructure (cf. section 4.1.1) have been made by E. Neef and B. Voigt [unpublished]. In
order to accomplish the theory of NLPF spectra at low pump intensities, in the present chapter
the author ventured to deduce and classify models for kinds of discrete substructures starting
from the basic equations given in chapter 2 (cf. Eq. 2.39). The main part of results presented
in this chapter have already been published by the author in ref. [Beenken and Ehlert, 1998].
The results will be of particular interest in the problem of photo-isomerization in pinacyanol
and will be also applied in the subsequent chapters.
4.1 Discrete spectral structures
In a NLPF-spectrum of a multilevel system the probe- and pump-frequency dependences are
correlated. For limitation to third order perturbation theory in the external fields, i.e. low
pump and trivially probe intensities, one obtains the NLPF-line-shape function s(ωt, ωp) by
Eqs. 2.24, 2.33, and 2.36 (see chapter 2). Using the Secular- and Markov-approximation in
the high temperature limit, where dephasing is most likely dominated by the pure-dephasing
term, i.e. Γµν  12 (γµµ + γνν) and negligible Stokes shifts (cf. Eqs. 3.60 and 3.61), one can
neglect all tunneling terms and the two-photon peaks, which amplitudes are of the order Γ−1µν
(cf. sections 2.3.2 and 2.3.3, respectively), while the heights of T1 and T2-peaks are of the order
γ−1µµ . In this limit, which for measurements at room temperature may be almost sufficient, the
NLPF-line-shape function for multi-level system in general reduces to
s(ωt, ωp) ≈
∑
µ,ν,κ,λ
ζµν(ωt)
(
βνκ(0)gµνκλσκλ(ωp, ωp) + βνκ(ωt − ωp)g′µνκλσκλ(ωt, ωp)
)
nλ. (4.1)
Here the indices µ, ν, κ, λ represent the molecular states independently whether they belong
to one and the same or different molecules, respectively. In Markov approximation the cross-
section of pumping the transition λ→ κ (cf. Eqs. 2.25, 2.29, and 3.14) is given by
σκλ(ω, ω
′) =
|µκλ|2
~ε0nc
(
ω′
Γκλ + i (ω − ωκλ) +
ω′
Γκλ − i (ω′ − ωκλ)
)
for ωκλ > 0. (4.2)
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and analogously the probing function for the transition µ → ν (cf. Eqs. 2.28, 2.30 and 3.16)
by
ζµν(ω) =
|µµν |2
~ε0nc
ω
Γµν + i (ω − ωµν) for ωµν > 0. (4.3)
In order to reduce the number of terms in Eq. 4.1 the diagonal functions
ζµµ(ω) = −
∑
ν 6=µ
ζµν(ω) and σκκ(ω, ω
′) = −
∑
λ6=κ
σκλ(ω, ω
′) (4.4)
have been introduced by definitions which are much like that of the diagonal elements of the
energy relaxation matrix γµµ (cf. Eq. 3.42).
The matrix of correlation functions βνκ(ω) apparent in Eq. 4.1 results from the central
Fourier transformed Greens functions G(ω) in Eqs. 2.24 and 2.33. In accordance with Eqs.
3.10 and 3.11 they result from the system of equations∑
ν
(γµν + iωδµν) βνκ(ω) = −δµκ (4.5)∑
ν
βνκ(ω) = 0. (4.6)
The latter equation represents the additional constriction which is necessary due to the singular-
ity of the energy relaxation matrix γ (cf. Eqs. 2.15 and 3.42, respectively). For higher degrees
of singularity additional constrictions of the same kind have to be applied. The occupations nλ
for the field-free case can be obtained from the system of equations∑
µ
γµλnλ = 0 and
∑
µ
nλ = 1. (4.7)
As mentioned in chapter 2 the first term in Eq. 4.1 represents a series of T2-peaks, each
centered at different combinations of probe and pump frequencies (ωt, ωp) = (ωµν , ωκλ). These
T2-peaks are correlated to each other by the correlation matrix β(0). For non-overlapping T2-
peaks this means that only their relative heights, but not their line shapes are dependent on the
discrete spectral structure. In the case of overlapping T2-peaks, however, the line shapes will
be affected too for the complex superposition in |s(ωt, ωp)|2, which represents the normalized
NLPF-spectrum.
The second term in Eq. 4.1 represents the T1-peak, centered around ωt = ωp. Its line
shape depends directly on the matrix of correlation functions β(ωt − ωp), but weighted with
the functions ζµν(ωt)σκλ(ωt, ωp). Usually, the latter can be simplified to a function depending
only on ωt = ωp due to the narrowness of the T1-peak (see premise γµµ  Γµν stated above).
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To accomplish Eq. 4.1 the geometry factors gµνκλ and g
′
µνκλ, which take into account
the orientational averaging over the molecular orientations (cf. section 2.4) shall be deduced.
According to 2.24 for the first term in Eq. 4.1 the orientation dependence is given by
gµνκλ =
1
8pi2
∫ pi
0
dθ sin θ
∫ 2pi
0
dφ
∫ 2pi
0
dψ
(
µ0µνE
0
s
) (
µ0µνE
0
p
) ∣∣µ0κλE0t ∣∣2 (4.8)
and analogously for the second term (cf. 2.33) as
g′µνκλ =
1
8pi2
∫ pi
0
dθ sin θ
∫ 2pi
0
dφ
∫ 2pi
0
dψ
(
µ0µνE
0
s
) (
µ0µνE
0
p
) (
µ0κλE
0
t
) (
µ0κλE
0
p
)
. (4.9)
By spherical trigonometry one can express the scalar products between the unit vectors of the
transition dipoles µ0µν respective µ
0
κλon the one side and those for the field polarizations E
0
s, E
0
p,
E0t on the other side by the Euler angles θ, φ, and ψ for the orientation of the molecule (cf. Eq.
2.37) and the fixed angles Φµνκλ between the transition dipoles µµν and µκλ. After integration
over all three Euler angles the geometry factors yield as
gµνκλ =
1 + 3 cos(2Φµνκλ)
60
(4.10)
g′µνκλ =
7 + cos(2Φµνκλ)
120
, (4.11)
respectively. Note that gµνκλ vanishes for the ‘magic’ angle Φµνκλ ' 54, 74◦, while g′µνκλ > 0
is finite in any case2. If the transition dipoles µκλ and µµν are parallel one obtains gµνκλ =
g′µνκλ =
1
15
as shown for the two-level system in chapter 2. For sake of simplicity w.l.o.g this
case will be used for the general discussion of the different examples of discrete and contentious
spectral structures in what follows.
Though the line-shape function s(ωt, ωp) as given in Eq. 4.1 provides already a sufficient
general description for the NLPF-spectra of any kind of multi-level system in the mentioned
limitations, it is useful to study specific cases. Particularly, one may be interested how the
correlation matrix β(ω) reflects the term scheme and the associated energy relaxation path.
Furthermore one may be interested in a simplification of the systems of equations Eq. 4.5 and
Eq. 4.6 for principal term schemes being already known.
Hence, according to the possible relationships between pumped and probed transitions, the
discrete substructure are to specify to the following cases (cf. Fig. 4.1): (a) the heterogeneous
substructure (section 4.1.1), (b) the incoherent energy transfer (section 4.1.2), (c) the homoge-
neous substructure (section 4.1.3), (d) the excited state absorption (section 4.1.4), and last but
2The geometry factor gµνκλ concerning the T2-peaks is the same as used to calculate the induced anisotropy of
absorption in time-resolved pump-probe experiments with non-overlapping pulses [Chachisvilis and Sundstro¨m,
1996]. For the geometry factor g′µνκλ of the T1-peak such an equivalent does not exist.
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not least (e) the ground-state progression (section 4.3). Fig. 4.1 shows the corresponding term
schemes in the case of two transitions (either probed or pumped). The ground-state progression
(cf. Fig. 4.1 e) will not be discussed in the present work in two different aspects. First in the
case where the middle level is not occupied (section 4.1.4), secondly for the Λ-system with two
thermally occupied ground states (section 4.3)
Figure 4.1: Term-schemes for differnt types of discrete spectral structures in the case of only
two transitions: a hetergeneous substructure, b incoherent energy transfer, c homogeneous
substructure (V-system), d excited state absorption (Ξ-system), and e ground-state progression
(Λ-system). the solid douple arrows represent the transitions (absorption and emission), each
accompanied by an energy relaxation down hill (at least by flourescence); the dashed lines the
additional possible energy transfer and relaxation paths.
Finally for multi-level systems which do not contain a ground-state progression a more man-
ageable definition of the correlation matrix function β(ω) can be found (section 4.2), combining
the different types of substructures.
4.1.1 Heterogeneous substructure
The Heterogeneous substructure represents the case of independent transitions (cf. Fig. 4.1
panel a). These can be assigned to different species of non-interacting molecules mixed in the
same sample. Each of them shall be describable by a two-level system with its own transition
frequency ωµµ′ , dephasing rate Γµµ′ and energy relaxation matrix γµ. In what follows the index
µ represents the excited and the primed index µ′ the ground state of the µth two-level system.
The energy relaxation matrix of this two-level system is given by
γµ =
(
−γµ′µ γµµ′
γµ′µ −γµµ′
)
. (4.12)
The complete energy relaxation matrix γ yields as block-diagonal matrix containing one block
γµ per spectral species. In order to obtain the correlation matrix β (ω) for the heterogeneous
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substructure, this matrix has to be reduced to an equivalent matrix γ˜ which, however, is
invertible (cf. Eqs. 4.5). For the singularity of the blocks γµ, each of them has to be substituted
by the matrix element
γµ = γµ′µ + γµµ′ , (4.13)
Thus the reduced energy relaxation matrix γ˜, which takes only the excited states into account,
is diagonal and can be easily inverted to the the correlation function matrix elements for the
excited states given as
βµν (ω) =
δµν
γµ + iω
. (4.14)
The missing matrix elements of the correlation matrix β (ω) are achievable from constrictions
as given in Eq. 4.6 for each species separately, and yields as
βµ′ν′ (ω) = −βµ′ν (ω) = −βµν′ (ω) = βµν (ω) . (4.15)
By collecting identical terms one obtains the NLPF-line-shape function for the heterogeneous
substructure as
shet(ωt, ωp) =
2
15
∑
µ
ζµµ′(ωt)
(
σµµ′(ωp, ωp)
γµ
+
σµµ′(ωt, ωp)
γµ + i (ωt − ωp)
)
nµ′ . (4.16)
The occupations nµ′ have to consider beside the thermal inversion of the two level system also
the relative concentrations nmol,µ of the molecular species µ, i.e. they are given by
nµ′ = nmol,µ tanh
[
~ωµµ′
kT
]
. (4.17)
Note that Eq. 4.16 corresponds exactly to the sum over the NLPF-line-shape functions of
different two-level system, weighted by the concentrations nmol,µ.
In Fig. 4.2 as an example the T2-peaks are shown for a NLPF-spectrum of a sample
containing two different species of independent two-level systems (cf. Fig. 4.1 panel a).
Due to the diagonal structure of the correlation matrix β(0) there occur only two T2-peaks
at (ωt, ωp) = (ω1, ω1) and (ω2, ω2), respectively. This means that only if the same transition
is pumped and probed one obtains a significant NLPF-signal, as to expect for independent
transitions. The weak contributions at (ωt, ωp) = (ω2, ω1) and (ω1, ω2) are not T2-peaks by
their own but result from the finite overlap between the two diagonal T2-peaks.
Note that beside the determination of the transition frequencies ωµµ′ and the dephasing
rates Γµµ′ , the analysis of the T2-peaks provides only the quantity
xµµ =
nµ′µ
4
µµ′
γµ
(4.18)
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Figure 4.2: T2-peaks for a heterogeneous substructure of two independent two-level systems
with with n1′ |µ11′|2 /γ1 = n2′ |µ22′|2 /γ2 and Γ11′ = Γ22′ = (ω2 − ω1) /4. Axes labels for ∆ωp,t =
(2ωp,t − ω1 − ω2) / (ω2 − ω1).
, which is related to the height of the T2-peaks. Hence, in order to eliminate the factor nµ′µ
2
µµ′
for determination of the energy relaxation rates γµ.one needs e.g. the absorption spectrum,
which according to Eq. 2.40 is given by
σabs(ω) =
1
3
∑
µ
σµµ′(ω, ω)nµ′ . (4.19)
Another method is to determine σµµ′(ω, ω) independently from the concentration dependent
nµ′ by strong-field NLPF as will be shown in chapter 6.
The appropriate method in NLPF for determination of the energy relaxation rates γµ is the
T1-peak analysis. For γµ  Γµµ′ , as supposed above, the T1-peak will be located in the vicinity
of ωt = ωp. Hence, the line-shape function in Eq. 4.16 needed for the T1-peak analysis can be
approximated by
shet(ωt, ωp) ≈
∑
µ
cµµ′(ωt)
2γµµ′ + i (ωt − ωp)
γµµ′ + i (ωt − ωp) (4.20)
with a prefactors
cµµ′(ωt,p) =
2
15
ζµµ′(ωt,p)σµµ′(ωt,p, ωt,p)
γµ
nµ′ , (4.21)
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dependent only on the probe- or pump-frequency for ωt ≈ ωp, The prefactors can be easily
determined from the T2-peak analysis. For energy relaxation rates γµ, which differs from each
other, the maximum of the T1-peak is not exactly located at ωp = ωt and the line-shape becomes
asymmetric. In Fig. 4.3 both are shown, the symmetric T1-peak obtained for γ1 = γ2 and the
extremely asymmetric T1-peak for γ1 = 100γ2. Note that both belong to the same pattern of
T2-peaks as shown in Fig. 4.2.
Figure 4.3: T1-peak at ωt = (ω1 + ω2) /2 for two independent two level systems (heterogeneouse
substructure) with Γ11′ = Γ22′ and n1 |µ11′|2 /γ1 = n2 |µ22′|2 /γ2. The solid line represents the
symmetric case γ2 = γ1, the dashed the extrem asymmetric case γ2 = 0.01 γ1. For moderate
case see Fig. 4.5.
In conclusion this means that highly resolved NLPF-spectra allow one to determine the
relaxation rates γµ of different molecular species in the same sample by means of a combined
T2- and T1-peak analysis. Even in cases where for limited frequency resolution the line shape
of the T1-peak can not be resolved in detail, it is still possible to infer a spectral substructure
by the overall asymmetry between the left and right wings of the T1-peak
3. This has been
achieved for pinacyanol, where an elsewhere hidden spectral substructure, apparent neither in
3The asymmetry of the T1-peak can be easily studied by using the asymmetry function
D(ωpt) = |sEET (ωt, ωt + ωpt)|2 − |sEET (ωt, ωt − ωpt)|2 (4.22)
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absorption nor in the pattern of the T2-peaks, has been revealed mainly by the asymmetry of
the T1-peak [Voigt et al., 1997] (for details see summary).
4.1.2 Incoherent excitation energy transfer
In a supra-molecular aggregates between molecules, elsewhere describable as independent two-
level systems, incoherent excitation energy transfer (EET) is often possible by e.g. dipole-dipole
interaction [Fo¨rster, 1948]. In order to describe the hopping-like transfer of the excitation from
one molecule to the other, one needs three relaxation matrix elements (cf. the three arrows in
Fig. 4.1 panel b): First γµν which describes jump of the excitation from the excited state of the
donor |ν〉 to the that of the acceptor |µ〉, secondly γµ′ν = −γµν which means the simultaneous
depletion of the ground state |µ′〉 of the acceptor, and finally γν′ν = γµν + γµ for the transition
of the donor from the excited state |ν〉 to the ground state |ν ′〉, which may be caused either
by energy transfer (γµν) or normal energy relaxation (γµ). Due to the coupling between the
different two-level systems the combined energy relaxation and transfer matrix γ does not
represent a block matrix any longer. Nevertheless it is still singular to a high degree. Again
, it is necessary to change to a representation of the energy relaxation and transfer processes
by a dimension-reduced energy relaxation matrix γ˜, which e.g. takes only the excited states
into account. For the incoherent excitation energy transfer (but not for electron transfer) this
is possible, since for each two-level systems, even if they are exchanging excitation energy, the
depletion of the ground state follows exactly the occupation of the corresponding excited state
for
ρ(np,nt)µµ + ρ
(np,nt)
µ′µ′ = δnp0δnt0. (4.23)
The off-diagonal elements of the reduced energy relaxation matrix γ˜µν are just the energy
transfer rates γµν = −γµ′ν , and the diagonal matrix elements are given by
γ˜µµ = −γµ −
∑
ν 6=µ
γ˜νµ, (4.24)
which results in
D(ωpt) = 2
∑
µ,κ6=µ
Im
{
c∗µ(ωt)cκ(ωt)
} (γµ − γκ) (2γµγκ − ω2pt)ωpt
γκγµ
(
γ2µ + ω2pt
) (
γ2κ + ω2pt
)
The assymptotic of D(ωpt) for |ωpt|  γµ, γν is given by
D(ωpt)→ 2
∑
µ,κ6=µ
Im
{
c∗µ(ωt)cκ(ωt)
}
ωpt
(
1
γκ
− 1
γµ
)
which allows one the determination of the energy relaxation rates γµ but one.
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which contains beside the effective energy relaxation rates γµ of the isolated two-level system
(cf. Eq. 4.13) additionally the sum over the rates of all energy transfers starting from the
donor µ. For the excited states the correlation function matrix elements βνκ(ω) result from the
inversion of the matrix (γ˜ − iω1) according to the system of equations given by
∑
ν
(iωδµν + γ˜µν) βνκ(ω) = δµκ. (4.25)
which is equivalent to Eq.4.5. From Eq. 4.23 the remaining matrix elements yields as βµ′ν′(ω) =
−βµ′ν(ω) = −βµν′(ω) = βµν(ω). Thus the line-shape function for two-level systems coupled by
incoherent energy transfer yields as
sEET (ωt, ωp) =
2
15
∑
µ,ν
ζµµ′(ωt) {βµν(0)σνν′(ωp, ωp) + βµν(ωt − ωp)σνν′(ωt, ωp)}nν′ . (4.26)
For sake of simplicity, all transition dipole moments have been assumed to be parallel. In
principle the factors nν′ are given as in Eq. 4.17, however, here the concentration nmol,µ of
donors and acceptors are defined not by the spectral molecular properties but also by the site
occupied in the aggregate for the extremely distance-dependent energy transfer.
The pattern of T2-peaks results the first term in Eq.4.26. Compared to the heterogeneous
substructure here ‘off-diagonal’ T2-peaks occur due to the energy transfer from the pumped to
the probed transition. This specific behavior shall be demonstrated on a system consisting of
two two-level systems coupled by an irreversible incoherent energy transfer4 with rate γ12 > 0.
Here, the index 2 assigns the donor, the index 1 the acceptor. According to Eq. 4.25 the
correlation matrix elements yield as
β11(ω) =
1
γ1 + iω
β12(ω) =
1
γ1 + iω
γ12
γ2 + γ12 + iω
β21(ω) = 0
β22(ω) =
1
γ2 + γ12 + iω
. (4.27)
Note that the elements β11(ω) and β12(ω) rule the line-shape function for probing the acceptor,
β22(ωpt) rules it for probing the donor. Inserting these elements in Eq. 4.26, the part of the
4Here the index 1 assign the acceptor and the index 2 the donor of the excitation energy.
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NLPF-line-shape function which describes the T2-peaks is obtained as
sEET (ωt, ωp) ≈ 2
15
ζ11′(ωt)
1
γ1
σ11′(ωp)n1′
+
2
15
ζ22′(ωt)
1
γ2 + γ12
σ22′(ωp, ωp)n2′ (4.28)
+
2
15
ζ11′(ωt)
γ12
γ1 (γ2 + γ12)
σ22′(ωp, ωp)n2′ . (4.29)
An example for T2-peaks which result from a incoherent excitation energy transfer is shown in
Fig. 4.4.
Figure 4.4: T2-peaks for donor acceptor pair with an excitation energy transfer with rate γ12
half the amount of the energy relaxation rates γ1 = γ2. The dephasing rates are given as
Γ11′ = Γ22′ = (ω2 − ω1) /2 and n1′ |µ11′|2 = n2′ |µ22′|2. Axis labels as in Fig. 4.2.
Compared to Fig. 4.2 two differences can be seen at once: First there occur an additional T2-
peak at (ωt, ωp) = (ω1, ω2), which represents the probing of the acceptor (1) when pumping the
donor (2). This occurs because of the excitation energy transfer from the latter to the former.
The second difference is an reduction of the height of the T2-peak at (ωt, ωp) = (ω2, ω2), which
results from the fact that the donor can lose excitation by two channels: the normal energy
relaxation to the ground-state and the excitation energy transfer to the acceptor, as well (cf. the
denominator γ2+γ12 for β22(0) in Eq. 4.27). The height of the T2- peak representing the energy
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transfer depends on two limiting factors (cf. β12(0) in Eq. 4.27). First it is proportional to the
branching ratio between energy transfer and energy relaxation as given by b12 = γ12/ (γ2 + γ12).
For fast normal energy relaxation of the donor (γ2  γ12) there will not be time for sufficient
transfer of occupation to the probed acceptor, and the off-diagonal T2-peak will not appear.
The life-time of the acceptor given by γ−11 limits the off-diagonal T2-peak in the same way as
it limits the diagonal T2-peak at (ωt, ωp) = (ω1, ω1).
In the case of incoherent energy transfer the T2-peak analysis provides beside ωµµ′ and Γµµ′
the quantities
xµν = nν′ |µνν′|2 |µµµ′|2 βµν(0). (4.30)
Though the pattern of this x-matrix give already some hints to the structure of the excitation
energy transfer path, for determination of the energy transfer and relaxation matrix γ˜ again the
absorption spectrum is needed. However, the absorption spectrum can not distinguish between
sites in a supramolecular aggregate which are only different in respect of the excitation energy
transfer. In this case at least one matrix element γ˜µµ has to be determined independently, for
example by fluorescence decay measurement.
Alternatively, the line-shape analysis of the T1-peak may solve this problem. To describe
the T1-peak for a system of several two-level systems connected by EET with γ˜µµ  Γµ the
NLPF-line-shape function given by 4.26 can be approximated to
sEET (ωt, ωp) ≈
∑
µ,ν
cµν(ωp,t) (βµν(0) + βµν(ωt − ωp)) (4.31)
using the pump respectively probe frequency dependent prefactors
cµν(ωp,t) =
2
15
ζµµ′(ωp,t)σνν′(ωp,t, ωp,t)nν′ . (4.32)
In Fig. 4.5 the T1-peak at ωt = ωp = (ω1 + ω2) /2 of the model donor–acceptor pair already
used for displaying the T2-peaks in Fig. 4.4 is shown .
One can see, that the T1-peak of the donor–acceptor pair coupled by incoherent energy
transfer (solid line) is only a little bit more asymmetric than that of the corresponding hetero-
geneous substructure (dotted line) for the same difference in the total life-times. Nevertheless,
both kinds of peaks are distinguishable since their the maxima shift approximately about the
same value, but the wings differ from each other significantly. For the special but reasonable
case |ωt − ωp| ∼ γ12  γ2, γ1, one obtains the line-shape function of the single donor–acceptor
pair approximately as
sEET (ωt, ωp) ≈ 1
γ1
(
c11(ωt) + c12(ωt)
(
1 +
2γ12
i (ωt − ωp) (γ12 + iωpt)
))
. (4.33)
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Figure 4.5: T1-peak for donor acceptor pair (solid line) with excitation energy transfer rate
γ12 = γ2/2 = γ1/2 as in Fig. 4.4 at ωt = (ω1 + ω2) /2. For comparision the heterogeneouse
structures for γ2 = γ1 (dashed line) and γ2 = 1.5 γ1 (dotted line) are also shown.
Therefore it might be possible to reveal an incoherent excitation energy transfer even for over-
lapping transitions of donor and acceptor, which can not be revealed by analysis of the T2-peaks.
However, the resulting effect on the T1-peak is very small and needs a extreme good signal to
noise ratio. Furthermore in this case the approximation used for Eq. 4.31 may not hold. In
this situation one should better use the original line-shape function sEET (ωt, ωp) as given by
Eq. 4.26.
4.1.3 Homogeneous substructure
Homogenous substructure results from multilevel-systems with several excited states associated
to one common ground state, here assigned with index 0 (cf. Fig. 4.1 panel c). For sake of
simplicity it will assumed, that all transition dipoles µµ0 are parallel. Even though the energy
relaxation matrix γ is singular in a much lower degree, a reduction as described above is
necessary. By eliminating the common ground state |0〉 the reduced energy relaxation matrix
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yields as
γ˜µν = γµν − γµ0 (4.34)
γ˜µµ = −γµ −
∑
ν 6=µ,0
γνµ. (4.35)
where the effective energy relaxation to the ground state is given by γµ = γ0µ for neglecting
back transfer from the ground state to the excited state γµ0, what is justified by ~ωµ0  kT .
The correlation function matrix β(ω) is identical with that for the incoherent energy transfer
given by Eq. 4.25, except of the matrix elements β0ν(ω) which yields as
β0ν(ω) = −
∑
µ 6=0
βµν(ω) (4.36)
for Eq. 4.6. Thus one obtains the NLPF-line-shape function for the homogeneous substructure
from Eq. 4.1 as
shom(ωt, ωp) =
1
15
∑
µ 6=0
(
ζµ0(ωt) +
∑
κ 6=0
ζκ0(ωt)
)
×
∑
ν 6=0
(βµν(0)σν0(ωp) + βµν(ωt − ωp)σν0(ωt, ωp))n0. (4.37)
The term
∑
κ 6=0 ζκ0(ωt)βµν(0) describes the simultaneous bleaching of all transitions, when only
one of the excited sates is occupied. This is the most significant feature of the homogeneous
substructure, which allows one to distinguish homogeneous from heterogeneous substructure
as well as from incoherent energy transfer, except in the case γµν ∼ γνµ. The other terms
ζ0µ(ωt)βµν(. . .), represent the stimulated emissions from the actually excited state |µ〉 to the
ground state |0〉.
In order to demonstrate the specific pattern of T2-peaks of a homogeneous substructure, a
three-level system with energy relaxations from the upper to the lower excited state (γ12) and
from both to the ground state (γ1, γ2) will be discussed in what follows (cf. Fig. 4.1 panel
c). The back-transfer is excluded (γ21 = 0). Note that all correlation function matrix elements
βµν(ω) needed in Eq. 4.1 are already given by Eq. 4.27. Thus the T2-peaks results from that
part of the NLPF-line-shape function which is given by
shom(ωt, ωp) ≈ 1
15
2ζ10(ωt) + ζ20(ωt)
γ1
σ10(ωp, ωp)
+
1
15
ζ10(ωt) + 2ζ20(ωt)
γ2 + γ12
σ20(ωp, ωp)
+
1
15
2ζ10(ωt) + ζ20(ωt)
γ2 + γ12
γ12
γ1
σ20(ωp, ωp). (4.38)
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The first term dominates for pumping the transition |0〉 → |1〉, the second the transition
|0〉 → |2〉. According to the appearance of ζ10(ωt) + ζ20(ωt) in all three terms, even for states
not exchanging occupation (i.e. the third term disappears for γ12 = 0), four well pronounced
T2-peak will appear in the NLPF-spectrum regularly: Two for pumping and probing the same
transition, and two for pumping another transition than the probed one. The latter two T2-
peaks result from the bleaching of the common ground state as mentioned above. All four
T2-peaks can be clearly seen in Fig. 4.6.
Figure 4.6: T2-peaks for a homogeneouse substructure with γ12 = γ2/2 = γ1/2. The dephasing
rates are given as Γ10 = Γ20 = (ω2 − ω1) /2 and |µ10|2 = |µ20|2. Axis labels as in Fig. 4.2.
The occurrence of four T2-peaks allows one to distinguish the homogeneous three-level
system from two independent two-level systems very well. Also the case of irreversible energy
transfer can be excluded easily, where only three T2-peaks occur (cf. Fig. 4.4).
If generally it can be assumed that ∀γµν > 0⇒ γνµ ≈ 0, the x-matrix (cf. Eq. 4.30) as de-
termined by the T2-peak analysis has a special structure, dependent on the kind of substructure:
For heterogeneous substructure it is diagonal, for inhomogeneous energy transfer trigonal, and
for homogeneous substructure quadratic. For γµν ≈ γνµ, however, i.e. comparable back- and
forward energy transfer and relaxation, respectively, this possibility to determine the principal
term scheme is not given. By lowering the temperature, this may be to overcome.
The T1-peak of the homogeneous substructure is given by the same type of line-shape
65
4.1. Discrete spectral structures
Figure 4.7: T1-peak for homogeneouse substructure (solid line) with parameters as in Fig. 4.6
at ωt = (ω1 + ω2) /2. For comparision the T1-peak for the corresponding incoherent energy
transfer (dashed line) with parameters as in Fig. 4.4 is also shown.
function as given in Eq. 4.31 since the functions βµν(ωt−ωp) for µ, ν 6= 0 are identical for both,
homogeneous substructure and incoherent energy transfer. The homogeneous substructure
differs only for the prefactors
c11(ωt,p) =
1
15
(2ζ10(ωt,p) + ζ20(ωt,p))σ10(ωt,p, ωt,p)
c12(ωt,p) =
1
15
(2ζ10(ωt,p) + ζ20(ωt,p))σ20(ωt,p, ωt,p)
c22(ωt,p) =
1
15
(ζ10(ωt,p) + 2ζ20(ωt,p))σ20(ωt,p, ωt,p). (4.39)
as given by the underlying T2-peaks. Therefore the analysis of the T1-peak scarcely enables
one to reveal a homogeneous substructure unequivocally, though for the same energy relaxation
and transfer matrix γ the T1-peak for homogeneous substructure the T1-peak is usually less
asymmetric than for incoherent energy transfer as shown in Fig. 4.7 displaying comparable
T1-peak for both cases.
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4.1.4 Excited-state absorption and stimulated emission
For the homogeneous substructure discussed above only the bleaching of and the stimulated
emission to the ground state has been considered. However, there may exist also excited-
state absorption and stimulated emission to other states than the ground state. For low pump
intensity, these can not be pumped but only probed for the pumped excited states. This shall
be demonstrated for the three-level system as shown in Fig. 4.1 panel d, where the frequencies
of ground and excited state transition are similar, i.e. ω21 ∼ ω10, ω21. For this system the
T2-peaks are given by the following terms of the NLPF-line-shape function:
sexc(ωt, ωp) ≈ 1
15
2ζ10(ωt) + ζ20(ωt)− ζ21(ωt)
γ1
σ10(ωp, ωp)
+
1
15
ζ10(ωt) + 2ζ20(ωt) + ζ12(ωt)
γ2 + γ12
σ20(ωp, ωp)
+
1
15
2ζ10(ωt) + ζ20(ωt)− ζ21(ωt)
γ2 + γ12
γ12
γ1
σ20(ωp, ωp) + . . . . (4.40)
If the molecule possess inversion symmetry, due to the parity selection rules for dipole transitions
not all three terms can occur together. In this case µ21 6= 0 either µ10 or µ20 have to vanish.5
Both cases are realized in nature.
Figure 4.8: Chemical structure of the xanthophyll lutein. Though it is not completely inversion
symmetric, the S1 state is almost forbidden [Polivka et al., 1999].
For example in the most carotenoids and xanthophylls (e.g. lutein in Fig. 4.8) the lowest
singlet excited state S1 is forbidden, i.e. µ10 = 0, while a higher excited state, named S2 can
be optically pumped from the ground state for µ20 6= 0. Between both excited states S1 and
S2 transitions are allowed, i.e. µ21 6= 0. This means that pumping the higher excited state, the
lower excited state may be detectable by probing the excited state absorption S1 →S2 due to
the fast energy relaxation from S2 to S1 (γ12  γ2, γ1) [Polivka et al., 1999]. In NLPF this case
is represented by the last of the three terms in Eq. 4.40, which yields approximately
sexc(ωt, ωp) ≈ 1
15
ζ20(ωt)− ζ21(ωt)
γ1
σ20(ωp, ωp) (4.41)
5Note that the case µ21 = 0 results in the homogeneous substructure, which has been already discussed.
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To the author’s regret, this interesting experiment has not been achieved, yet. For ω21  ω20
in the case of lutein an additional T2-peaks at probe frequencies around 6000cm
−1 are expected
for pumping the S2-state around 19000cm
−1(cf. ref. [Polivka et al., 1999])
Note that due to the fact that the NLPF-spectrum is represented by |ssem(ωt, ωp)|2 in
Eq. 4.41 the different signs of ζ20(ωt), which represents probing of absorption from respectively
emission to the ground -state, and ζ21(ωt), would be only recognizable for overlapping T2-peaks.
Figure 4.9: T2-peaks for a three level system in the case ω21 ∼ ω10 with µ21 = µ10 pumped at
ωp = ω10. Dephasing rates Γ10 = Γ21 = ω20/4. Axis labels ∆ωp,t = (2ωp,t − ω10 − ω21) /ω20.
In Fig. 4.9 the T2-peaks are shown in the case where the lower excited state is pumped,
i.e. and excited- and ground-state absorption are nearly degenerate, i.e. ω10 ∼ ω21. By section
along the ∆ωp-axis one can see that the pump-frequency dependence is like that of the two-level
system an quadratic Gaussian centered at ω10. The probe-frequency dependence can be split
off as factor |2ζ10(ωt)− ζ21(ωt)|2. Due to the complex superposition of the functions 2ζ10(ωt)
and ζ21(ωt), the NLPF-spectrum shows instead of two clearly separate T2-peaks only a single
but extremely asymmetric one. In Fig. 4.10 different probe-frequency dependences are shown
for different ratios
r = − µ
2
12
2µ210
. (4.42)
The effect of the stimulated emission |2〉 → |1〉, which appears for inhibited energy relaxation
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Figure 4.10: Probe-frequency dependence of the T2-peaks of three-level systems pumped at
ωp = ω10 for ratios (see text) r = −1 (dot), −4 (solid line), −8 (dash), −16 (dash-dot), and
−32 (dash-dot-dot) for the value of µ10 being fixed. Other parameters and axis as in Fig. 4.9.
between the state |2〉 and |1〉, i.e. for γ12  γ02 when pumping the transition |0〉 → |2〉, is
determined by the second term in Eq. 4.40. Only in the case of ground-state progression, which
will be discussed below in section 4.3, the corresponding probing function ζ12(ωt) will interfere
with ζ20(ωt). The interference with ζ10(ωt) is inhibited by the assumed sloe energy relaxation
γ12. The resulting probe-frequency dependence are two separate T2-peaks at ωt = ω20 and
ωt = ω21.
If the precondition γ12  γ2 has been dropped, for pumping the transition |0〉 → |2〉 one
can write the probe-frequency dependence as∣∣∣∣ζ10(ωt)(1 + 2γ12γ1
)
+ ζ21(ωt)
(
1− γ12
γ1
)∣∣∣∣2 , (4.43)
which is shown in Figs. 4.10 and 4.11 for ratios
r =
µ212
µ210
× γ1 − γ12
γ1 + 2γ12
(4.44)
In the special case γ12 = γ1, i.e. r = 0, the excited-state absorption and the stimulated
emission between the first and the second excited state cancel each other, and only the stimu-
lated emission and the bleaching of the transition |0〉 ↔ |1〉 and |0〉 ↔ |2〉 remain. This case,
however, is fully covered by the homogeneous substructure.
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Figure 4.11: Probe-frequency dependence of the T2-peaks of a three-level system pumped at
ωp = ω20 for r = 1 (solid line), r = 0 (dot), r = 0.5 (dash), and r = 2 (dash-dot) where µ10/γ1
has been fixed. Other parameters and axis as in Fig. 4.9.
A further interesting example for excited-state absorption in NLPF is probing the Triplet
after inter-system crossing. In this case the state |2〉 represents the first excited singlet state,
while the state |1〉 stands for the lowest triplet state. The probed excited triplet state is
assigned as |3〉. Note that due to the selection rules µ32 = µ30 = µ21 = µ10 = 0. Thus the
pump-frequency dependence of the T2-peaks results from the squared cross-section of pumping
the singlet absorption σ10(ωp, ωp)
2 and the probe-frequency dependence is given by∣∣∣∣ζ20(ωt)(2 + γ12γ1
)
− ζ31(ωt)γ12
γ1
∣∣∣∣2 . (4.45)
For overlapping triplet and singlet bands, this results in line shapes like those shown in Figs.
4.10 and 4.11 in dependence of the
r = −|µ31|
2
|µ20|2
γ12
2γ1 + γ12
. (4.46)
Note that the ratio r is determined by the balance between triplet generation via inter-system
crossing (γ12) and the almost non-radiative triplet decay (γ1). In the case that the former
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process is much faster than the latter there occurs an accumulation of occupation in the lowest
triplet state by pumping the singlet transition. In this case one obtains a saturation for both,
triplet absorption and singlet bleaching, which is to be described in the framework of the strong
field theory of NLPF (cf. chapter 6).
Though it is really of some interest to obtain information about higher excited states, the
complex contributions of the excited-state absorption as well as stimulated emission to the
probe-dependence of the NLPF-spectra complicates the analysis of the T2-peaks for determina-
tion of the substructure. Particularly, one has to be very cautious in using the simple relation
σµν(ωp, ωp) = ζµν(ωp) − ζ∗µν(ωp) as constriction in fitting NLPF-spectra. Furthermore, non-
overlapping excited-state absorption and stimulated emission can hardly be distinguished from
each other by the T2-peaks. Finally it shall be noted that T1-peak analysis does not help to
overcome these problems, since the line-shape of the T1-peak is influenced by excited-state ab-
sorption and stimulated emissions only in respect of different probe- respective pump-frequency
dependent prefactors c(ωp,t), which has to correspond to the pattern of the underlying T2-peaks.
4.2 Mixed discrete substructures
For the T2-peak analysis of measured NLPF-spectra for arbitrary systems a generalized NLPF
line-shape function is needed, which includes potentially all kinds of substructures but based
on the observable transitions instead of states of an initially only tentative term scheme. All
substructures discussed above, i.e. heterogeneous substructure, incoherent energy transfer, and
homogeneous substructure, and excited state absorption, as well as combinations of them can
be represented by the NLPF-line-shape function
s(ωt, ωp) =
∑
µν
ζµ(ωt)
{
gµν β˜µν(0)σν(ωp, ωp) + g
′
µν β˜µν(ωp − ωt)σν(ωp, ωp)
}
nν . (4.47)
where the indices µ and ν assign the transitions which populates them. σν(ωp, ωp) and ζµ(ωt)
represents the corresponding cross-sections of pumping and probing functions, respectively. The
generalized correlation matrix β˜(0) is given by the system of equations∑
ν
β˜µν(ω) (γ˜νκ + iωδνκ) = dµκ, (4.48)
where the reduced energy relaxation matrix γ˜ is given as by Eqs. 4.34 and 4.35. Thereby the
off-diagonal elements γ˜µν represent energy transfer and relaxation from the excited transition
µ to ν, independently of the corresponding ground states, which can be identical or not. Also
the diagonals γ˜µµ given by the inverse life-time of the excited state the transition µ leads to
(cf. Eq. 4.35) are independent of the respective ground state.
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The substructure determined elements in Eq. 4.48 is the matrix d on the right side of
equality. The diagonals for all transitions one of the respective ground states is involved
yields as dµµ = 2. The off-diagonal elements dµκdepends on the kind of substructure. For
both transitions, κ and ν belongs to a common ground state, i.e. are homogeneous to each
other, one obtains dµκ = 1, which follows from comparison of Eqs. 4.37 and 4.47 for the
homogeneous substructure resulting in
β˜µν(ω) =
∑
κ
(δµκ + 1) βκν(ω). (4.49)
For the heterogeneous substructure and incoherent excitation energy transfer (cf. Eqs. 4.26
and 4.25) one obtains β˜µν(ω) = βµν(ω) and consequently dµκ = 0. In the case of excited
state transitions µ′′ associated with the transition µ (cf. section 4.1.4) the d-matrix elements
yields as dµ′′µ = ±1. Here the plus-sign means stimulated emission and the minus-sign excited
state absorption. In both cases one has to set γ˜µ′κ = γ˜µκ, γ˜κµ′ = γ˜κ′µ′ = 0, and nµ′ = 0.
In principle, Eqs. 4.47 and 4.48 represent already the searched all-purpose theory for the
discrete substructure of room-temperature NLPF spectra recorded at low pump intensities (cf.
Introduction). Only the ground-state progression, could not have been included, since it needs
a different treatment, as will be shown in the next section.
4.3 Ground state progression
Unfortunately a simple system of equations like Eq. 4.48 can not be used in cases where different
ground states are connected to each other, either by common excited states (cf. Fig. 4.1 panel
e). The reason is, that the ground states has been eliminated by constructing the reduced
energy relaxation matrix γ˜, completely. Thus, in Eqs. 4.47 and 4.48 the transitions could be
unequivocally assigned by the excited state they leads to. For transitions from different ground-
states to a common excited state this assignment fails, at least if initially both ground-states can
be occupied, e.g. by thermalization (otherwise see section 4.1.4). Therefore, the ground-state
progression has to be to calculate for the initial definition of the correlation function matrix
β(ω) (cf. Eq. 4.5) by use of the NLPF-line shape function as given in Eq. 4.1.
4.3.1 The Λ-system
In what follows, the results for the simplest case of a ground-state progression, the so-called
Λ-system shall be featured. The Λ-system represents a three-level system with transition fre-
quency ω10  ω20. Therefore, the state |1〉 may be thermally occupied for detailed balance (cf.
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Eq. 3.44), i.e.
n1 = n0 exp [−~ω10/kT ] > 0, (4.50)
and can act for pumping as a second ground-state beside the state |0〉. Concatenating equivalent
terms resulting from Eq. 4.1 the NLPF-line shape function for the T2-peaks of the Λ-system
yields as
sΛ(ωt, ωp) =
1
15
(
ζ˜prog(ωt) σ˜abs(ωp)
γ02 + γ12
+
ζ˜Λ(ωt) σ˜Λ(ωp, ωp)
γ01 + γ10
)
+ . . . . (4.51)
The first term containing the probing and pumping functions
ζ˜prog(ωt) = ζ21(ωt) (1 + n1) + ζ20(ωt) (1 + n0) (4.52)
σ˜abs(ωp) = σ21(ωp, ωp)n1 + σ20(ωp, ωp)n0 (4.53)
is dominant in the homogeneous limit γ01 + γ10  γ02 + γ12, i.e. for fast equilibration between
the two ground-states. The second term containing the effective probing and pumping functions
as given by
ζ˜Λ(ωt) = ζ21(ωt)− ζ20(ωt) (4.54)
σ˜Λ(ωp) = b12σ20(ωp, ωp)n0 − b02σ21(ωp, ωp)n1, (4.55)
for energy relaxation branching ratios
b02 =
γ02
γ02 + γ12
and b12 =
γ12
γ02 + γ12
. (4.56)
represents what the author likes to call NLPF-‘hole-burning’.
In the ‘hole-burning’ limit γ02 + γ12  γ01 + γ10 the equilibration between the two ground-
states is slow. By pumping the excited state |2〉 from only one ground-state, either |1〉 or
|0〉, and by the subsequent fast energy relaxation, which is branched to both ground-states
according to Eq. 4.56, occupation will be reshuffle form the pumped to the idle ground-state.
This difference, will be only slowly equalized. Therefore probing both ground-state, for pumped
ground state one obtains persistent bleaching, for the idle enhanced absorption.6 In standard
hole-burning spectroscopy, the former represent the ‘hole’ and the latter the ‘anti-hole’ with
opposite sign. In NLPF-spectra, however, the T2-peaks for both are similar in shape. The
fact that T2-peaks representing ‘holes’ are located on the primary diagonal ωt = ωp, i.e. at
(ωp, ωt) = (ω10, ω10) and (ω20, ω20), respectively, and those representing ‘anti-holes’ are located
off-diagonal, i.e. at (ωp, ωt) = (ω10, ω20) and (ω20, ω10), respectively, does not help much. A
quite similar pattern is obtained for the homogeneous substructure (cf. Fig. 4.6). Only for
6Stimulated emission is negligible due to the fast energy relaxation.
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Figure 4.12: T2-peaks for a Λ-system in the ‘hole-burning’ limit γ02 + γ12  γ10 + γ01 with a
branching ratios b02 = b12 = 0.5 at high temperature (kT  ~ω10 ⇒ n0 = n1 = 0.5). The
transition dipoles are equal as well as the depasing rates given by Γ02 = Γ12 = ω01/4. Axes are
labeled for ∆ωp,t = 2ωp,t/ (ω12 + ω02)− 1.
overlapping T2-peaks the opposite sign in the probing function for ‘holes’ and ‘anti-holes’ does
effect (cf. Fig. 4.12). The resulting line shapes in respect of the probe-frequency dependence
are quite similar to those obtained for excited state absorption (cf. section 4.1.4), but here
four T2-peaks appear instead of only two. For ‘holes’ and ‘anti-holes’ which do not overlap,
comparison with the absorption spectrum may reveal a ground state progression in the ‘hole-
burning’ limit, but not in the homogeneous limit for σ˜abs(ωp) = 3σabs(ωp). Hence, in respect of
the ground-state progressions, the T2-peak analysis calls for supporting information from other
spectroscopic methods like Raman spectroscopy.
The T1-peak is in both limits quite similar to that for the two-level system, being approxi-
mately Lorenzian with a line width of 2 (γ02 + γ12) in the homogenous and 2 (γ01 + γ10) in the
‘hole-burning’ limit, respectively. For the intermediate case see Fig. 4.13
Note, that the asymptotic for the outer wings of the T1-peaks is independently of the
branching ratios NLPF-line-shape function given by
sΛ(ωt, ωp) →|ωp−ωt|→∞
2
5
ζ˜prog(ωt)
(
σabs(ωp, ωp)
γ02 + γ12
+
σabs(ωt, ωp)
γ02 + γ12 + i (ωt − ωp)
)
. (4.57)
This means there does not exist a long-reaching asymmetry between the left and right wing of
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Figure 4.13: T1-peaks for a Λ-system with γ02 = 4γ01 = 4γ10 and γ12 = 0 taken at ωt = ω12
(solid line) and ωt = ω02 (dashed line). Other parameters as in Fig. 4.12
the T1-peak, as it has been so significant for the other kinds of substructure (cf. Figs. 4.3, 4.5,
and 4.7).
4.3.2 ‘Raman’-peaks
As mentioned in chapter 2 (cf. section 2.3.2) for multi-level systems tunneling terms may
occur in the NLPF-line-shape function. In the previous sections, these have been neglected for
dephasing rates 2Γµν  |γµµ + γνν | (cf. section 4.1). For the ground-state progression in the
‘hole-burning’ limit this condition may not hold, while tunneling terms from the excite-state
progression are usually negligible for
2Γµν & γµ + γν + γµν + γνµ  γµ + γν or γµν + γνµ. (4.58)
In the special case of the Λ-system, as the simplest case of ground-state progression, one
obtains two ‘Raman’-peaks (cf. Fig. 4.14) for the resonances of the Greens functions
G1010 (ωt − ωp) = 1
Γ10 + i (ωt − ωp − ω10) (4.59)
G0101 (ωt − ωp) = 1
Γ01 + i (ωt − ωp + ω10) (4.60)
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at |ωt − ωp| = ω10.The respective terms in the NLPF-line-shape function are given as
s(ωt, ωp) = . . .+
ζ20(ωt) (g ζ20(ωt)− ζ∗21(ωp))
Γ10 + i (ωt − ωp − ω10) +
ζ21(ωt) (g
−1ζ21(ωt)− ζ∗20(ωp))
Γ01 + i (ωt − ωp + ω10) . (4.61)
with g = µ221/µ
2
01for parallel transition dipoles and rotating wave approximation (cf. section
2.3.2). Note that in the ‘hole-burning’ limit at least for T → 0K according to Eq. 3.45 the
dephasing rate
Γ10 =
γ01 + γ10
2
+ Γ¯10, (4.62)
where Γ¯10 represents the temperature dependent pure dephasing, may be of the same order of
magnitude as the effective relaxation rate γ01 + γ10, which is the relevant one for the height of
T1- and T2-peaks (see above).
7
Figure 4.14: NLPF-spectrum with T1-peak (center) and two ‘Raman’-peaks for a three-level
system with ω10  ω20 (Λ-System) at T → 0K (2Γ10 = γ10 + γ01 = 0.1ω10). The pump
frequency has been fixed at ωp = ω20. The asymmetry of the left Raman-peak and theT1-peak
result from interference with the underlying T2-peak being of ‘anti-hole’ type (see above).
4.4 Summary
NLPF at low pump intensities provides a deeper insight into the spectral structure of a molecular
multi-level system, than absorption and fluorescence spectroscopy. This is possible due to
7For the homogeneouse limit this can not be for 2Γ10  γ02 + γ20.
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the two-dimensionality of the NLPF-spectrum. By scanning the probe- and pump-frequency
independently correlations between the T2-peaks can be revealed, which contain information
about the type of the discrete spectral structure (homogeneous or heterogeneous), the energy
relaxation and transfer path, and the relative orientations of the transition dipole. Furthermore,
excited state absorption and stimulated emission from the pumped excited state can be probed.
However, the fact that the NLPF-spectrum is given by |s(ωt, ωp)|2complicates the analysis of the
NLPF-spectrum significantly. To the author’s knowledge model functions for describing NLPF-
spectra of systems with more than one ground-state level (section 4.3), have been deduced in
the present work for the first time.
4.5 Supplement: Applicaton of NLPF to subband anal-
ysis in praxi
Since a direct interpretation of the correlated pump and probe dependence of the T2-peaks
and the T1-peaks is not possible, a fitting algorithm has to be applied to the NLPF-spectra.
J. Ehlert and the author of the present work have developed a global fitting program [Ehlert
and Beenken, 1998], which allows to fit absorption and NLPF-spectra to the line-shape func-
tion given in Eqs. 4.47 and 4.48, in order to reveal the term-scheme with associated energy
relaxation path γµν , dephasing rates Γµν , transition frequencies ωµν and transition dipoles µµν ,
the latter in both respects, relative strengths as well as relative orientation as given by the
angles Φµν (cf. Eq. 4.10). For the determination of absolute transition dipole strengths see
chapter 6. By addition of a T1-peak analysis (cf. Eq. 4.31) this program provides theoreti-
cally an all-purpose tool for analysis of the relevant spectroscopic properties in molecules and
supramolecular aggregates. Unfortunately the ground-state progression could not be imple-
mented into the mentioned program, yet.
In praxi the author recommend strongly to search for additional information by other spec-
troscopic methods. In any case the absorption spectrum has to be included into the analysis
with reasons (cf. Eq. 4.30). For multi-level systems with long ground–state-recovering times,
where a sufficient resolution of the T1-peak can not be reached, necessary information about
the energy relaxation could be provided by e.g. fluorescence-decay measurements. For energy
relaxation and transfer process which are much faster than the lifetime of the final state, the
correlation between the T2-peaks depends not significantly on the values of the respective rates.
In this case the analysis of the T2-peaks can only provide global information about the energy
relaxation and transfer, like answering the question, where the final state is located a certain
excited state decays to, or whether bottle necks occur in the energy relaxation path. Hence,
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time-resolved pump-probe spectroscopy might be more useful than NLPF for tracking fast en-
ergy transfer in detail. Nevertheless, NLPF with its high spectral resolution represents an ideal
complementary method, which allows one to assign the respective lifetimes even to overlapping
spectral subbands.
Figure 4.15: Structure formula of the pinacyanol (kation).
The first experimental studies [Voigt et al., 1997] global analysis of NLPF-spectra as de-
scribed above has been applied to, was to pinacyanol (cf. Fig. 4.15). There heterogeneous
substructure consisting of three subbands at 520nm, 565nm and 607nm has been clearly re-
vealed. A fourth very weak subband at 556nm with lifetime of even 4.5ns, heterogeneous to the
others as revealed by the subband analysis has been attributed to an impurity of the sample.
Based on their nearly equal distances in the absorption spectrum, the three main subbands have
been previously interpreted as part of one and the same vibrational progression. However, the
analysis of the NLPF-spectra, especially of the asymmetry of the T1-peak (see Fig. 4.16) results
in 13ps lifetime of the transitions at 520nm and 565nm but only 7ps lifetime of the transition
at 607nm. Form these results the conclusion is allowed that the subbands at 520nm and 565nm
with nearly double the lifetime are not part of the vibrational progression to a basis-transition
at 607nm, but in fact belong most probably to a different spectral species. This species is most
probably an isomer of pinacyanol, though the measured NLPF-spectra have not provided any
information whether this results from a photo-isomerization or not. This example should have
shown how powerful NLPF is in order to reveal a spectral substructure, which is otherwise
hidden in the broad absorption spectrum. For applications of the method to photosynthetic
antennae see part two.
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Figure 4.16: NLPF spectra of pinacyanol in low (panels a,c) and high (panels b,d) spectral
resolution recorded over the pump wavelength at probe wavelengths λt = 552.052nm (panels
a, b) and λt = 570.040nm (panels c,d).The solid curves represent the result of the best fit
using the theoretical model as described in the text.
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Inhomogeneously broadened
NLPF-spectra
In the previous chapter only the homogeneous broadening has been considered, though the
line-broadening is to assume somewhere between the three limits presented in chapter 3: (i)
the homogeneous broadening for Markovian dephasing, resulting in (quadratic) Lorenzian line
shapes; (ii) the inhomogeneous dephasing limit with Gaussian line shapes for the T2-peaks due
to Markovian energy relaxation but non-Markovian dephasing process; and (iii) the inhomoge-
neous broadening, where the energy relaxation is slow compared to the reservoir reorganization.
In the case inhomogeneous dephasing the NLPF-line-shape function s(ωt, ωp) can be easily ob-
tained by substituting the Lorenzians in the functions ζ(ω) and σ(ω, ω′) by Gaussians respective
complex Voigt-profiles (cf. Eq. 3.63). The calculation of inhomogeneous broadening, however,
turned out to be difficult in the framework of cumulant expansion (cf. supplement 3.5.2).
Therefore, in what follows an alternative approach shall be established, based on the meth-
ods developed for the discrete spectral structures. This approach will enable one to describe
inhomogeneous broadening, spectral diffusion, and orientational relaxation. The latter is not
related to spectral line-broadening but can be described by the same approach as the spectral
diffusion. It is a very important process, since it sets an upper limit for energy relaxation times
that can be measured by NLPF.
The application of NLPF to determine inhomogeneous and homogenous line width has
been studied experimentally and theoretically by numerous authors. Actually, the distinction
of inhomogeneous and homogenous broadening was the reason for Song, Lee and Levenson to
introduce NLPF as a method of molecular spectroscopy in condensed phase [Song et al., 1978].
In the following the differences in the line shapes between homogeneously and inhomogeneously
broadened NLPF-spectra as well as spectral diffusion effects has been worked out [Marcano O
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et al., 1990, Garcia-Golding, 1983, Neef and Mory, 1991]. All these previous studies concern
mainly the relation between T2- and T1-peak. Astonishingly, the correlation between the pump-
and probe-frequency dependences of the single T2-peak has not been emphasized, though it is
included in the given formulas. To establish the T2-peak analysis as method to determine the
type of line-broadening will be the main objective of the present chapter. Though, the significant
differences in the NLPF-spectrum at fixed probe frequency, as pointed out in the mentioned
previous works, has enabled determination of the homogeneous line widths even in complex
pigment-protein aggregates like photosynthetic antennas [Leupold et al., 1993,Leupold et al.,
1994,Lokstein et al., 1995], the approach presented in what follows may provide quantitatively
more precise results. In particular it provides the inhomogeneous line width explicitly (cf.
chapters 8).
5.1 Inhomogeneous broadening
In principle the inhomogeneous broadening represents the continuous limit of the heterogeneous
substructure1 (cf. section 4.1.1). This means simply that in Eq. 4.16 the sum
∑
µ . . . has
to be substituted by an integral
∫
. . . dω and the weighting factors nµ by the distribution
function n10(ω), which describe the probability to find a two-level systems with transition
frequency ω within the frequency range dω. Consequently, the NLPF-line-shape function of an
inhomogeneously broadened two-level system is given by
sinh(ωt, ωp) =
∫
s(ωt − ω, ωp − ω) n10(ω) dω, (5.1)
where s(ωp − ω, ωt − ω) is the normalized two-level line-shape function as given in Eq. 2.41
[Marcano O et al., 1990]. This definition is in full agreement with Eq. 3.18 for 〈s(ωt, ωp)〉R
as given in section 3.1.3. Usually, in the transition-frequencies are assumed to be normal
distributed, i.e.
n10(ω) =
1√
2pi∆10
exp
[
− ω
2
2∆210
]
(5.2)
with the inhomogeneous line-width parameter ∆10.
In contrast to the only homogeneously broadened, the inhomogeneously broadened T2-peak
shows a positive correlation between pump and probe frequency dependence (see Fig. 5.1). This
can be explained by the typical properties of the correlation matrix β (0) for a heterogeneous
substructure containing only diagonal elements (cf. Eq. 4.14). For finite homogeneous line 2Γ10
1Etymologically the word ‘inhomogeneous’ means the same as ‘heterogeneous’. In the present context how-
ever the term heterogeneous shall be reserved for discrete spectral substructures, while the term inhomogeneous
shall be used for the corresponding continuous substructure.
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width this strong correlation is to convolute with the distribution n0(ω). However, note that
neither the probe- nor the pump-frequency dependence of the T2-peak represents a Voigt-profile
as in the inhomogeneous dephasing limit (cf. Eq. 3.63).
Figure 5.1: T2-peak for a inhomogeneouse broadened two-level system with a inhomogeneouse
width ∆ = 2Γ. Contourlines shown for 25%, 50% and 75% of the peak maximum. Axes are
labeled as ∆ωp,t = (ωp,t − ω10) /Γ.
For inhomogeneously broadened multi-level systems, which means an assemble of discrete
homogeneous substructure with normal-distributed transition frequencies, the convolution is
more complicated than that in Eq. 5.1.due to the fact that one part of the pump-probe corre-
lation caused by the discrete spectral structure, the other by the inhomogeneous broadening.
The easiest way is to calculate first the discrete system as described above (see section 4.1) and
averaged the resulting NLPF-line-shape functions s(ωt, ωp, {ωµν}), which depends on the set of
transition frequencies ωµν , over the distributions of transition frequencies n({ωµν}) as
sinh(ωt, ωp) =
∫
· · ·
∫
s(ωt, ωp, {ωµν}) n({ωµν}) dNωµν . (5.3)
For statistically independent transition frequencies ωµν one can factorize the distribution func-
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tion as
n({ωµν}) =
∏
µν
nµν(Ω). (5.4)
If furthermore the discrete correlation matrix elements βµν,κλ(ω) are independent of the tran-
sition frequencies ωµν , Eq. 5.3 results in
sinh(ωt, ωp) =
1
15
∑
µν
{
βµν,µν(0)ς˜µν (ωt, ωp, ωp) + βµν,µν(ωt − ωp)ξ˜µν (ωt, ωt, ωp)
}
+
1
15
∑
µν 6=κλ
ζ˜µν (ωt) {βµν,κλ(0)σ˜κλ (ωp, ωp) + βµν,κλ(ωt − ωp)σ˜κλ (ωt, ωp)} (5.5)
using the functions
ζ˜µν (ω) =
∫
(ζµν (ω − Ω) + ζνµ (ω − Ω)) nµν(Ω) dΩ (5.6)
σ˜κλ (ω, ω
′) =
∫
σκλ(ω − Ω, ω′ − Ω)nκλ(Ω) dΩ (5.7)
ς˜µν (ω, ω
′, ω′′) =
∫
dω (ζµν (ω − Ω) + ζνµ (ω − Ω)) σµν(ω′ − Ω, ω′′ − Ω)nµν(Ω) dΩ. (5.8)
The latter function ς˜µν (ωt, ωp) takes into account that for probing the bleaching and the stim-
ulated emission of the pumped transition (µ ↔ ν) the probing functions ζµν (ω − Ω) and
ζνµ (ω − Ω) can only refer to the cross-section of pumping σµν(ω′ − Ω, ω′′ − Ω) for the same
molecule. Consequently they are distributed as a whole. Note that for normal distributed
transition frequencies only the cross-section of pumping σ˜κλ (ω, ω) results in the typical Voigt-
profile of an inhomogeneously broadened absorption band.
5.2 Fo¨rster transfer for inhomogeneously broadened
donors and acceptors
The approach given by Eqs. 5.5-5.8 holds for all kinds of substructures except of the case where
energy relaxation and transfer rates depends on the frequencies of the pumped and probed
transitions. A very important example of such an exception is the Fo¨rster-transfer, where
the energy transfer rates γµµ′,νν′ depend on the spectral overlap between donor emission and
acceptor absorption. For a donor-acceptor pair (d, a) with identical (Lorenzian) homogeneous
broadening (Γd = Γa = Γ) one obtains the energy transfer rates approximately as
γad (ω − ω′) = γ¯ad
2pi
4Γ
4Γ2 + (ωda + ω′ − ω)2
(5.9)
γda (ω − ω′) = γ¯ad
2pi
4Γ
4Γ2 + (ωad + ω − ω′)2
(5.10)
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where ωda is the difference between the mean emission frequency of the donor and absorption
frequency of the acceptor and vice versa ωad for the back-transfer. The latter is generally larger
than the (negative) value of the former due to the Stokes-shift. γ¯ad represents the over-all
Fo¨rster transfer rate in the case of a extreme inhomogeneous broadening (∆a,∆d →∞). Note
that in the present model the energy transfer rates depend only on the difference between the
actual transition frequencies of donor and acceptor molecule ωda − ω′ − ω. In general, energy
transfer rates depend in a more complicated way on the actual acceptor and donor frequencies.
Furthermore, it has to be note that for a more precise description of the overlap integral non-
Markovian line shapes as given in section 3.3.3 are to use. Only these guarantee the detailed
balance between the energy transfer rates γad (ω, ω
′) and γda (ω, ω′) (cf. Eq. 3.44). Nevertheless,
for the more qualitative discussion the Fo¨rster transfer in what follows the simplifications made
above are acceptable.
The terms of the NLPF-line-shape function describing the T2-peaks obtained for the in-
homogeneously broadened donor-acceptor system connected by Fo¨rster transfer as described
above yield as
sft(ωt, ωp) =
1
15
∫∫ {
ζa (ωt − ω) γd + γad (ω − ω
′)
z(ω − ω′) σa (ωp − ω, ωp − ω)
+ζd (ωt − ω′) γda (ω − ω
′)
z(ω − ω′) σa (ωp − ω, ωp − ω)
+ζa (ωt − ω) γad (ω − ω
′)
z(ω − ω′) σd (ωp − ω
′, ωp − ω′)
+ ζd (ωt − ω′) γd + γda (ω − ω
′)
z(ω − ω′) σd (ωp − ω
′, ωp − ω′)
}
×na(ω)nd(ω′) dω dω′. (5.11)
with
z(ω) = γaγd + γaγad (ω) + γdγda (ω) (5.12)
(cf. Eq. 5.3 as well as Eqs.4.26 and 4.25). The energy relaxation rates of the isolated acceptor
and donor are assigned as γa and γd, respectively. According to the incoherent nature of the
Fo¨rster transfer the probing functions ζa (ωt) and ζd (ωt) contain always both, the bleaching
and emission of the respective molecule (cf. section 4.1.2). The second and third term in Eq.
5.11 represent the energy transfer, while the other terms describes the NLPF signal caused by
the excitation remaining on the pumped species.
Fig. 5.2 shows the NLPF-spectrum (without T1-peak) for a donor–acceptor system where
the mean emission frequency ωd of the donor equals the mean absorption frequency ωa of the
acceptor. Due to the very low back-transfer rate γda there occur only five T2-peaks. Three
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Figure 5.2: T2-peaks for a donor acceptor pair with ωda = 0. Contourlines are shown for 1/16,
1/8, 1/4 and 1/2 of the maximum value. Axes are labled as ∆ωp,t = (ωp,t − ωa) /S, where
ωa is the absorption frequency of the acceptor and S the Stokes shift equal for acceptor and
donor. The homogeneous and inhomogeneous linewidths are equal and given by ∆ = 2Γ = S/5.
Energy relaxation and transfer rates are related to each other by γa = γd = 0.01 γ¯ad.
of them are shaped like in Fig. 5.1. These represent the cases where the excitation remains
on the acceptor (∆ωp = 0) or on the donor (∆ωt,∆ωp = 1) to be probed either by bleaching
or stimulated emission, respectively (cf. Eq. 5.11 first and last term within the brackets).
The latter peak attributed to the donor is rather low due to the fact that the lifetimes of the
donor is significantly shortened by the resonant energy transfer. The remaining two T2-peaks
are clearly related to the energy transfer – in particular that at (∆ωp,∆ωp) = (−1, 1), which
represents the probing of the stimulated emission of the acceptors for pumping the donors.
Due to the persistently resonant energy-transfer this T2-peak is symmetric in respect of the
pump-frequency dependence. The T2-peak at (∆ωp,∆ωp) = (0, 1) is not completely symmetric
in this respect, since it represents a mixture of probing the stimulated emission of the donor
and the bleaching of the acceptor induced by the energy transfer. The former results in the
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correlation like the absorption of the donor (see above). For faster energy relaxation from the
donor to their ground state γd  γad (cf. Fig. 5.3) the T2-peak at (∆ωp,∆ωp) = (0, 1) is
correlated as the other three peaks related to the donor. Thus the dependence of the energy
transfer on the actual frequency is only reflected by the T2-peak at (∆ωp,∆ωp) = (−1, 1), which
is slightly correlated. The correlation causes from the fact that for donor-acceptor pairs being
off-resonant , i.e. the actual frequency difference is ∆ω 6≈ 0, the lowered energy transfer rate
can not compete with the energy relaxation rates, what it might do better for resonant pairs
(∆ω ≈ 0). This means that for the referred T2-peak the difference between probe and pump
frequency is to be the Stokes shift of the acceptor for maximum NLPF-signal. In the previously
described case this effect was not important, since the energy transfer was the dominant decay
channel for all donor-acceptor pairs, even for the off-resonant ones. A similar behavior but
more pronounced is obtained in the case where the mean frequency of the donor emission is
higher than that of the acceptor absorption, i.e. in the case ωda > 0.
Figure 5.3: T2-peaks for the same donor-acceptor pair as in Fig. 5.2 but with energy relaxation
rates are given as γa = γd = γ¯ad/2. Other parameters and axes see Fig. 5.2.
In the opposite case where the mean frequency of the donor emission is lower than that
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of the acceptor absorption, i.e. ωda < 0, one obtains a negative correlation for the probe-
and pump frequency dependence for probing the stimulated emission of the acceptors when
pumping the donors. However this negative correlation is not as clearly pronounced as the
positive one in the case ωda ≥ 0. This causes from the fact that the Lorenzian resulting from
the overlap which determines γad (Ω) has more extended wings than the Gaussian representing
the distribution function na (Ω). The four other T2-peaks are positively correlated anyway (cf.
Fig. 5.4).
Figure 5.4: T2-peaks for the same donor-acceptor pair as in Fig. 5.3 but with ωda = −∆ .
Other parameters see Figs. 5.3 and 5.2.
5.3 Spectral diffusion
The inhomogeneous broadening discussed in the pervious sections represents the static disorder
limit for a dynamics of the reservoir being infinitely slow compared to the relaxation processes
for the relevant system. This dynamics includes not only the reorganization of the surrounding
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in response of a change of state of the relevant system, but also stochastic fluctuations of
the reservoir itself. According to the dissipation-fluctuation theorem these fluctuations can
not be avoided (cf. ref. [Mukamel, 1995]). One result of such stochastic fluctuations will be
spectral diffusion. Note that even at T → 0K there will exist some fluctuations due to the
quantum-mechanical zero-point motion of the reservoir modes.
In the present section the spectral diffusion will be modelled by excitation energy transfer
between two-level systems representing a continuum of normal distributed transition frequen-
cies. The rate for a change of the transition frequency from a value ω to a value ω′ is given by
γsd (ω
′, ω). For the calculation one solves the discrete energy transfer problem for a high num-
ber N of two-level systems (for multi-level systems see below) connected by a energy transfer
matrix γsd (cf. section 4.1.2). Then one applies the continuos limit
N∑
ν=1
. . .→
∫
. . . n(ω) dω (5.13)
as in section 5.1. For frequency-independent spectral diffusion rates, i.e. γsd (ω
′, ω) dω′ = γsd,
one obtains the T2-peaks from the part of the NLPF-line-shape function terms which is given
by
ssd(ωt, ωp) =
1
γµ′µ + γsd
(
ς˜µµ′ (ωt, ωp, ωp) + ζ˜µµ′ (ωt)
γsd
γµ′µ
σ˜µµ′ (ωp, ωp)
)
+ . . . (5.14)
for probing and pumping functions as defined in Eqs. 5.6-5.8. Here γµ′µ represents the inverse
lifetime of the excitation assumed to be independent of the current transition frequency. Before
one applies this approach to the case of independent molecules with fluctuating transition
frequency some considerations are to be made. In the present model the time-correlation
function for the fluctuating transition frequency is given by
〈ωµµ′(t), ωµµ′(0)〉 = 〈ωµµ′〉2 +∆2µµ′ exp [−γsdt] . (5.15)
This correlation function has to be compared with the correlation function of the reservoir in
the harmonic oscillator model (cf. section 3.2 and ref. [Mukamel, 1995]). For a Debye spectral
density in the high temperature limit one can identify
∆2µµ′ =
Sµµ′kT
~
and γsd = ωD. (5.16)
This is in full accordance with the result of the cumulant expansion (cf. section 3.5). In the
inhomogeneous dephasing limit γsd  γµ′µ Eq. 5.14 factorize in the probe-frequency dependence
as given by 3.63 and the corresponding cross-section representing a Voigt profile. In the opposite
limit γµ′µ  γsd one obtains static inhomogeneous broadening for
sinh(ωt, ωp) = ς˜µµ′ (ωt, ωp, ωp) γ
−1
µ′µ (5.17)
88
Chapter 5. Inhomogeneously broadened NLPF-spectra
(cf. Eqs. 5.1 and 5.8). The intermediate case γµ′µ = γsd is shown in Fig. 5.5, where pump- and
probe-frequency dependences of the T2-peak are still correlated but weaker than in the case
without spectral diffusion (cf. Fig. 5.1).
Figure 5.5: T2-peak for spectral diffusion: Contours for γsd = γµ′µ (solid) and γsd  γµ′µ
(dashed). For the case γsd  γµ′µ see Fig. 5.1. All other parameters and axes as in Fig. 5.1.
In all three limits the T1-peaks are approximately the same as for the two-level system,
i.e. they represents almost Lorenzians centered at ωp = ωt with line width 2γµ′µ. Only in the
intermediate cases between the three limits slight deviations from the Lorenzian line shape may
occur in the wings of the T1-peak. Note, however, that the approach described here is only
approximately valid. For a more precise description the cumulant expansion may be the better,
but even more complicated method (cf. Eq. 3.78).
For an inhomogeneously broadened multilevel-system the NLPF-line-shape function is given
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as
ssd(ωt, ωp) =
1
15
∑
µν
{
β(s)µν,µν(0) ς˜µν (ωt, ωp, ωp) + β
(s)
µν,µν(ωt − ωp) ξ˜µν (ωt, ωt, ωp)
}
+
1
15
∑
µν
ζ˜µν (ωt)
{
β(s)µν,µν(0)σ˜µν (ωp, ωp) + β
(s)
µν,µν(ωt − ωp)σ˜µν (ωt, ωp)
}
+
1
15
∑
µν,κλ
ζ˜µν (ωt) {βµν,κλ(0)σ˜κλ (ωp, ωp) + βµν,κλ(ωt − ωp)σ˜κλ (ωt, ωp)} .(5.18)
The probing and pumping functions are given as in Eqs. 5.6-5.8. The correlation function
matrix β(s)(ω) is obtained from β(ω) by substituting γµµ → γµµ+γsd. Note that this substitution
affects only the T2-peaks on the diagonal of the two-dimensional NLPF-spectrum, i.e. those
centered at ωt = ωp = ωµν . In the limit γsd → 0 Eq. 5.18 is transferred to Eq. 5.5 for the static
inhomogeneous broadening (cf. Fig. 5.1). The opposite limit γsd  γµµ results in β(s)(ω)→ 0.
Consequently, the T2-peaks are correlated to each other by the discrete spectral structure (cf.
chapter 4) but not in respect of their own pump- and probe-frequency dependence. Hence, their
line shapes are axially symmetric (cf. Fig. 5.5 dashed lines). The intermediate cases for finite
ratios γs : γµµ result in T2-peaks on the diagonal much the same as obtained for the two-level
system (cf. Fig. 5.5).
5.4 Orientational relaxation
The orientational relaxation of the NLPF signal results from a stochastic motion changing the
orientation of the molecular transition dipole. The turning the transition dipole µµν about
an angle Φ in the period of time between pumping and probing affects a correlation between
pump and probe-frequency dependence of the T2- and T1-peaks according to the now dynamic
geometry factors g(Φ) and g′(Φ), respectively (cf. Eq. 4.10 and 4.11). For low-pump intensities
the time dependent geometry factors given by
g
(′)
µνκλ(t) = g
(′)
µνκλ(0) exp [−γΦt] , (5.19)
with γΦ as the rate of changing the dipole orientation [Hackbarth and Ro¨der, 2000]. This
means that the NLPF-signal decays not only by energy relaxation with a rate γµ but also by
orientational relaxation with the rate γΦ. This approach is valid for Note that this orientational
diffusion process will finally erase the anisotropy created initially by the pump field, which
means a lower limit for energy relaxation rates γµ, which can be determined by NLPF.
Like the spectral diffusion, the orientational relaxation can be modeled by an excitation
energy transfer among multi-level systems with different but equally distributed orientations of
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the transition dipole. For the two-level system with wobbeling transition dipole moment one
obtains the NLPF-line-shape function as
s(ωt, ωp) =
2
15
ζ10 (ωt)
(
σ10 (ωp, ωp)
γ01 + γΦ
+
σ10 (ωp, ωt)
γ01 + γΦ + i (ωt − ωp)
)
(5.20)
The unedifying consequence of the orientational relaxation that energy relaxation rates γµν
much smaller than the orientational relaxation rate γΦ can not be detected by NLPF is clearly
to see for the denominators contain γΦ. One way to circumvent this limitation is to the dilute
the dye molecules of interest in a highly viscose solvent or to immobilize them in a solid matrix
like a glass2. On the other hand this reduce the use of NLPF e.g. for studying solvation
dynamics.
5.5 Summary
Even though it is the oldest field of application of NLPF [Song et al., 1978,Marcano O et al.,
1990,Neef and Mory, 1991] in the work be presented the analysis of the homogeneous and inho-
mogeneous broadening by NLPF could be significantly improved. Particularly, the previously
neglected correlation between probe- and pump-frequency dependence for the T2-peak has been
elaborated as an important criterion for detecting and quantifying inhomogeneous broadening.
This method is superior to all kinds of line-shape analysis of absorption bands. In particular
it allows distinction between static inhomogeneous broadening and inhomogeneous dephasing.
The spectral-diffusion, which interpolates between both has been described in a model much
simpler than the cumulant expansion, but not much less accurate. Both approaches, provide
identical results in the inhomogeneous dephasing limit as well as for the static inhomogeneous
broadening. For the intermediate case of spectral diffusion the results of the approach to spec-
tral diffusion demonstrated in section 5.3 may be more questionable, but in this region even
the cumulant expansion shows up a lot of difficulties (cf. Eq. 3.78). At least the spectral diffu-
sion approach interpolates quite well between inhomogeneous broadening and inhomogeneous
dephasing limit. For the transition from inhomogeneous dephasing to homogeneous broadening
the cumulant expansion provides certainly the more accurate line shapes (cf. Fig. 3.3).
In Fig. 5.6 a schematic overview of the different kinds of broadening is displayed. The
methods to calculate the corresponding NLPF for the two-level system spectra in the high
temperature limit (kT  ~ωD, cf. Eq. 3.54) most suitable are for
(I) homogeneous broadening the Eqs. 2.41 and 3.61 (cf. Fig. 2.3);
(II) inhomogeneous dephasing the Eqs. 3.17 and 3.63 with σ10 (ω, ω
′) = ζ01 (ω) + ζ∗10 (−ω′);
2In this case one has to avoide any birefringence induced by the matrix.
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Figure 5.6: Scheme for different kinds of broadening at high temperatures (kT  ~ωD, cf. Eq.
3.54). For explanation see text
(III) inhomogeneous broadening Eqs. 5.1 for s (ωt, ωp) ≈ δ (ωt − ωp).
and between the limits
(I) and (II) the cumulant expansion of the Greens function as described in supplement 3.5.1;
(I) and (III) the partially correlated pump- and probe-frequency dependences as given by
Eqs. 5.5-5.8
(II) and (III) the spectral diffusion according to Eqs. 5.18 and 5.6-5.8.
For the most general case of broadening the cumulant expansion is to be apply as given by Eqs.
3.78 and 3.79.
The global fitting program developed by J. Ehlert and the author of the work be pre-
sented [Ehlert and Beenken, 1998] includes beside the analysis of the discrete substructure (cf.
chapter 4) the possibility to analyze the T2-peaks of a multi-level system in respect of ho-
mogeneous and inhomogeneous broadening (I↔III), as well as spectral diffusion (I↔III). The
cumulant expansion of the Greens function covering the whole region between homogeneous
and inhomogeneous dephasing (I↔II) will be included in a future revision of the program.
Thus, the theory of low-intensity NLPF is almost accomplished also in respect of the different
kinds of broadening. In the present work this will pay off in particular for the analysis of the
spectroscopic properties of the bacterial photosynthetic antennae LH2 (see chapter 8).
Of more general interest is the model for orientational relaxation, which has been established
in this chapter. It is quite similar to that for spectral diffusion and has proven the already
presumed fact that the orientational relaxation rate γΦ (cf. Eq. 5.19) represents a lower bound
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for the determination of energy relaxation rates by using NLPF. Another limitation causes from
the incoherence between pump and probe laser. The latter, however, can be almost avoided
technically, without changing the surroundings of the molecular system to be studied.
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In the previous chapters 3-5 probe as well as pump intensities were assumed to be as low as
necessary for the use of perturbation theory of lowest orders, namely first order in the probe
field and second order in the pump field. In what follows, this limitation in respect of the
pump intensity will be dropped. Therefore, saturation of the NLPF-signal will occur for the
pumping rate exceeding the ground state recovering rate. A similar effect is used in nonlinear
absorption (NLA). However the saturation of the NLPF-signal is more sophisticated due to
the fact that the NLPF-spectrum contains at least two different spectral features the T1- and
the T2-peaks, which may be affected by the saturation differently. Secondly, NLA measures
the change of the transmission independent of the polarization, while NLPF based on a pump
induced anisotropy. The saturation behavior of these two quantities is quite different as will be
seen in what follows. Interesting for pump-intensity-dependent NLPF one obtains a much more
clearly defined saturation intensity as from NLA. Since the saturation intensity depends on the
absolute cross-section of ground- and excited-state absorption as well as stimulated emission,
pump-intensity-dependent NLPF like NLA may provide useful information about the oscillator
strength of a transition, without knowing the concentration of dye molecules. A precise deter-
mination of the oscillator strength of a single transition can be used for example to determine
the exciton delocalization in supra-molecular aggregates by superradiant enhancement of the
transition dipole moment [Spano and Mukamel, 1989]. In chapters 8 and 9 the application of
pump-intensity-dependent NLPF to photosynthetic antennae for this purpose will be presented.
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6.1 General description of the NLPF-signal at high pump
intensities
In chapter 2 it has been stated, that in principle for high pump intensities the system of
equations for Fourier components of the statistical operator ρ(np,nt) (see Eq. 2.23 and2.32)
can be solved in a self-consistent way. This shall be demonstrated in what follows explicitly.
Thereby, the probe field will be still assumed to be weak. For sake of simplicity as in chapter
4 the dephasing is supposed to be faster than the energy relaxation, i.e. Γµν  12 |γµµ + γνν |.
This means tunneling terms need not be considered in general, even the two-photon peak (cf.
section 2.3.3). Hence, one one has only to construct the self-consistent equation for the Fourier
components ρ
(0,0)
µµ and ρ
(−1,1)
µµ . As mentioned in section 2.3.2, the latter has to be recurred to
the former, since only for the state-occupations which ρ
(0,0)
µµ represents (cf. section 3.12) one
obtains a break-off point of the recursion.
Despite of the possibility that the reorganization of the reservoir (cf. section 3.1.3) may be
different under high and low pump-intensity conditions, in what follows it will be assumed that
all relevant quantities as there are transition frequencies and dipoles, as well as, dephasing and
energy relaxation rates are the same as for low-intensities. Furthermore, Markovian reservoir-
dynamics will be supposed in what follows, what implies absence of inhomogeneous broadening.
Here may be also referred to effects like thermal grating and lensing, photochemical hole-
burning, etc. which can influence the NLPF-signal at high pump intensities as well. All these
effects shall be not considered in what follows. Only a Stokes shift between absorption and
stimulated emission may be admitted.
6.1.1 Self-consistent equation for occupation
From the recursion formula for the occupations ρ
(0,0)
νν (cf. Eq. 2.23) one can directly deduce the
self-consistent system of equations∑
ν
(
γµν + σµν(ωp, ωp)Ip cos
2 φµν sin
2 θµν
) (
ρ(0,0)νν − ρeqνν
)
= 0, (6.1)
which under the conditions mentioned above is valid for arbitrary pump intensities Ip. Terms
containing Fourier components ρ
(n,0)
µµ with n 6= 0 could be neglected in Eq. 6.1 for |γµµ ± inωp| 
γµµ =⇒
∣∣∣ρ(n,0)µµ ∣∣∣  ρ(0,0)µµ and for weakness of the probe field ρ(0,0)νν can not be traced back to
Fourier components ρ
(−n,n)
µµ with n 6= 0, as well (cf. section 2.3.1). The energy relaxation
matrix γ is defined as usual with diagonal elements γµµ given by Eq. 3.42. Analogously, for the
cross-sections of pumping the diagonal elements σµµ(ωp, ωp) have been defined as in Eq. 4.4.
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Note that σµν(ωp, ωp) may represent the cross-sections of pumping ground- and excited-state
absorption (ωµν > 0) as well as stimulated emission (ωµν < 0). Due to the definitions of the
diagonal elements the combined matrix γ + σ(ωp, ωp)Ip is singular. As described in chapter 4
this problem can be overcome by including the constriction∑
ν
ρ(0,0)νν = 1 (6.2)
into the system of equations given by Eq. 6.1.
For the Fourier components ρ
(−1,1)
νν , which describe the T1-peak (cf. section 2.3.2), from Eq.
2.32 one obtains the system of equations∑
ν
(
i (ωp − ωt) δµν + γµν + {σµν(ωp, ωp) + σµν(ωt, 2ωp − ωt)} Ip sin2 θµν cos2 φµν
)
ρ(−1,1)νν =
−
∑
ν
σµν(ωt, ωp)Ip
Et
Ep
sin2 θµν cos 2φµνρ
(0,0)
νν . (6.3)
Terms containing ρn,1µµ for n 6= −1 as well as tunneling terms corresponding to ρ(−1,1)µν or ρ(1,1)µν
have been neglected with reasons mentioned above for ρ0,0µµ . As one can see of the equality the
matrix elements ρ
(−1,1)
νν are traced back to the Fourier components ρ
(0,0)
νν at the right side, which
are already self-consistent solutions by their own for Eq. 6.1 being independent of ρ−1,1µµ .
Using the self-consistent solutions of both systems of equations, Eqs.6.1 and 6.3, the pump-
intensity-dependent NLPF-line-shape function yields as
S(ωt, ωp, Ip) ≈ 1
4pi
∫ pi
0
sin θdθ
∫ 2pi
0
dφ
∑
µνκ
ζµν(ωt) sin
2 θµν((
ρ(0,0)µµ − ρ(0,0)νν
)
cos 2φµν +
(
ρ(−1,1)µµ − ρ(−1,1)νν
)
cos2 φµν
)
. (6.4)
Then the pump-intensity-dependent NLPF-signal is given by |S(ωt, ωp, Ip)|2. The outstanding
integration over the angles θ and φ (cf. section 2.4) is rather complicated, not to say impossible,
due to the fact that the solutions of Eqs. 6.1 and 6.3 ρ
(0,0)
µµ and ρ
(−1,1)
µµ , respectively, depend on
the angles θµν and φµν in a non-trivial way.
6.1.2 Two-level system
Fortunately, for the two-level system after determination of the self-consistent solutions ρ
(0,0)
11
and ρ
(−1,1)
11 from Eqs. 6.1 and 6.3 the integration over the two Euler angles θand φ in Eq. 6.4
can be done analytically, and one obtains
S(ωt, ωp, Ip) ≈ ζ(ωt)F [ξ (ωp, ωp) Ip]
+ ζ(ωt)
F [ξ′ (ωt, ωp) Ip]− F [ξ (ωp, ωp) Ip]
ξ′ (ωt, ωp)− ξ (ωp, ωp) ξ (ωt, ωp) (6.5)
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for the saturation function
F [x] =
(
1 +
3
x
)
arctan [
√
x]√
x
− 3
x
(6.6)
as shown in Fig. 6.1.
Figure 6.1: Saturation function F [x] according to Eq. 6.6.
In Eq. 6.5 two different dimensionless arguments of F [x] occur, which consists of the pump
intensity Ip times one of the saturation parameters
ξ(ω, ω′) =
σ10(ω, ω
′) + σ01(ω, ω′)
γ + i (ω − ω′) (6.7)
ξ′(ω, ω′) =
σ10(ω, 2ω
′ − ω) + σ01(ω, 2ω′ − ω)
γ + i (ω − ω′) . (6.8)
From the saturation parameter ξ(ωp, ωp) the sum of the absolute cross-sections of absorption
and stimulated emission can be determined for known energy relaxation rate γ. The latter
can be determined by either fluorescence decay or T1-peak analysis at low pump intensities (cf.
section 2.3.2). Note that F [ξ(ωp, ωp)Ip] becomes maximum for ξ(ωp, ωp)Ip ≈ 6.4. This is caused
by the fact that the NLPF-signal results from the difference of bleaching of (and stimulated
emission for) transitions with dipoles enclose an angle θ with the pump field in the range
0◦ < θ < 45◦ on the one side and those with dipole orientations in the range 45◦ < θ < 90◦ on
the other side (cf. chapter 2). For increasing pump intensity first the transitions with dipoles
more parallel to the pump field will saturate, while the bleaching of the others will increase
linearly further on. Therefore, the NLPF-signal will stagnate quite similar to the saturation
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behavior in NLA. However, for increasing the pump intensity further on also the transitions
with dipoles in the range 45◦ < θ < 90◦ will be saturated, and the pump-induced anisotropy,
NLPF based on will be diminished (cf. also ref. [Hackbarth and Ro¨der, 2000]). From the
maximum saturation parameter ξmax one can define the global saturation intensity, which the
whole NLPF-spectrum depends characteristically on (see Fig. 6.2 panel a-f), as
Isat ≈ 6.4
ξmax
≈ 1.6~ε0nc
µ210
Γ10γ10
ω10
(6.9)
The second saturation parameter ξ′(ωp, ωp) is related to the optical Stark effect. According
to Eq. 6.3 the matrix element ρ
(−1,1)
11 will get maximum for minima of∣∣1 + ξ(ωt, 2ωp − ωt)Ip sin2 θ cos2 φ∣∣. Assuming negligible small energy relaxation and dephas-
ing rates γ and Γ respectively, these are equivalent to resonance poles at probe frequencies
ω±t = ωp ±
√
(ωp − ω0)2 + 4 |µ|
2 sin2 θ cos2 φ
~ε0nc
Ip. (6.10)
as known for optical Stark effect [Zimmermann, 1990]. Note, however, that in NLPF the
averaging over the molecular orientations (θ,φ) is different from that in absorption. Therefore,
also the optical Stark-effect may affect the probed spectrum in absorption differently from that
in NLPF in respect of the split.
Fig. 6.2 shows the pump-intensity dependence of the NLPF-spectrum for the two-level
system according to |S(ωt, ωp; Ip)|2 from Eq. 6.5. As expected for low pump intensities (panel
a) the NLPF-spectrum is the same as deduced in third order perturbation theory (cf. Fig.
2.3). For slightly increased pump-intensity the only recognizable effect is a broadening of the
T2-peak in respect of its pump-frequency dependence, which results from the fact that due to
earlier saturation the center parts of the T2-peak increases less than the wings. This effect,
called power-broadening, has been previously described in ref. [Marcano O and Garcia-Golding,
1985]. The general rule is: the higher the pump intensity the broader the T2-peak in respect
of the pump-frequency dependence (panel b-d). For moderate pump-intensities Ip . Isat
(panel b-c), the corresponding line width of the T2-peak (full width at quarter maximum) is
approximately given by
FWQMp ≈ 2Γ
(
1 +
Ip
Isat
)
. (6.11)
Note that according to Eq. 6.9 the additional line width caused by power-broadening is in-
dependent of the dephasing rate Γ, but depends on the oscillator strength and the energy
relaxation rate. Only for the lowest pump intensity (panel a) shown the T1-peak appears as
a crest set on the broader T2-peak along the diagonal ωp = ωt. Already for pump intensities
98
Chapter 6. Strong field theory of NLPF
Figure 6.2: NLPF-spectra of a two-level system with γ = 0.1Γ for pump intensity Ip = 0.05Isat
(a), 0.5Isat (b), 5Is (c), and 50Isat (d). Axes labeled as ∆ωp,t = (ωp,t − ω0) /Γ.
Ip > 0.23Isat, that means far below the saturation point, at the top of the T2-peak this crest
changes to a cleft (panel b). It will deepen with increasing pump intensity but does not broaden
much (panel c). For pump intensities beyond the saturation point (Ip > Isat) the T2-peak itself
get a hollow at ωp = ω0 (panel c). This hollow corresponds to the Lamb dip in absorption
and results directly from the decrease of the saturation function F [ξ(ωp, ωp)Ip] (cf. Fig. 6.1
and Eq. 6.5). At highest pump intensities (panel d) both effects, Lamb-dip and the T1-cleft,
result in a notch around ωt, ωp = ω10 parting the T2-peak into two asymmetric peaks which
are quite extended in respect of the pump-frequency dependence (note the changed frequency
scale in panel d). The probe-frequency dependence of the two peaks is also asymmetric due
to a shift of the maxima apart from ω0 (see Fig. 6.3), but not much more broadened than for
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lower intensities. Note, that even the crest results from the optical Stark effect, the maxima
of the NLPF-spectrum at highest pump intensities are not directly related the frequencies ω±t
(cf. Eq. 6.10) due to the complicated orientational averaging.
Figure 6.3: Probe dependency of the NLPF-spectrum for Ip = 50Is at ωp = ω0 (dashed line)
and at the maximum ωp ≈ 9ω0 (solid line ×10). For other parameters and axes see Fig. 6.2
panel d.
6.2 Multi-level systems at high pump intensities
As mentioned above, for multi-level systems in general the orientational average in Eq. 6.5
can not be performed analytically. However, for some special cases it is possible to reduce
the multi-level system problem to the solution for the two-level system as given in Eq. 6.5.
Two of these cases, shall be featured in what follows. For sake of simplicity, but without loss of
generality, only the saturation of the T2-peak will be calculated. The T1-peak can be calculated
analogously.
6.2.1 Fast intra- and inter-band relaxation
For a multi-level system where the energy relaxation among the excited states is much faster
than the ground state recovering and where up-hill transfers can be excluded (i.e. γµ, γν , γνµ 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γµν for ωνµ > 0 and µ, ν 6= 0) all excitation will accumulate in the lowest excited state,
independently of the state they have been pumped to. Consequently, the cross-section of
pumping contains stimulated emission and excited-state absorption only for the lowest excited
state, but all possible absorptions from the ground state. Fig. 6.4 shows an exemplary four-level
system with the relevant excitation and relaxation channels, except the slow energy relaxations
to the ground state. Thereby it shall be distinguished between the manifold of the single excited
states (here represented by |1〉 and |2〉) and the doubly excited states (here |3〉). For the energy
relaxation within one manifold (band) the intra-band relaxation rate is defined as γintra, while
the energy relaxation between the doubly and singly excited states are given by the inter-band
relaxation rate γinter. In the present case both are assumed to be much higher than the ground-
state recovering rate γgsr. Thus the distinction in intra- and inter-band relaxation seems to
be needless. However, in the next section for treating the incoherent excitation transfer the
advantage of such a distinction will become obvious.
In the case of the special multi-level systems presented in this section, the intensity-dependent
NLPF-line-shape function for the T2-peaks is given as
S(ωt, ωp, Ip) ≈ η (ωt, ωp)F [ξ (ωp, ωp) Ip] (6.12)
with saturation parameter
ξ (ωp, ωp) =
σabs (ωp, ωp) + σem (ωp, ωp) + σexc (ωp, ωp)
γgsr
(6.13)
and a probe- and pump-frequency dependent prefactor
η (ωt, ωp) =
ζabs (ωt) + ζem (ωt)− ζexc (ωt)
σabs (ωp, ωp) + σem (ωp, ωp) + σexc (ωp, ωp)
σabs (ωp, ωp) . (6.14)
The probing functions ζx (ωt) are defined in analogy to the cross-sections σx (ωp, ωp). The
pump-frequency dependence of ξ (ωp, ωp) represents what the author has named the ξ-spectrum.
Multiplied with the ground-state recovering time γ−11 this provides the absolute cross-section
of absorption, emission, and excited state absorption, summarized. For decomposition, one can
use the standard absorption, fluorescence and transient spectra. Another possibility is to use the
prefactor η (ωt, ωp). This works out, since by its pump frequency-dependences |η (ωt, ωp)|2 does
not only relate the saturation parameter ξ (ωp, ωp) to the absorption spectrum for σabs (ωp, ωp) =
3σabs (ωp), but it enables one also to separate the excited state absorption from the stimulated
emission by its different dependence on the probe-frequency. The main disadvantage of this
method is that recording and evaluating of a now three-dimensional NLPF-spectrum with
variables ωt, ωp, and Ip means quite an effort.
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Figure 6.4: Term scheme for the model system containing fast intra- and inter-band relaxation.
The excited states |1〉 and |2〉 are single excitation band, while the state |3〉 is doubly excited.
The relevant pumping and relaxation rates are shown. Assignments see text.
Even for fast intra-band relaxation the NLPF-signal resulting from the higher excited states
can not to be neglected. This is linear in pump intensity even at higher intensities. There it can
exceed the NLPF-signal caused by the already saturated transition to the lowest excited state.
In order to take this into account, the pump-intensity-dependent NLPF-line-shape function
S(ωt, ωp, Ip) in Eqs. 6.12 has to be extended by adding the term slc(ωt, ωp)Ip. For the exemplary
system shown in Fig. 6.4 this term yields as
slc(ωt, ωp)Ip = {ζabs (ωt) + ζ02 (ωt)− ζ32 (ωt)} σ20 (ωp, ωp)
γintra
Ip. (6.15)
This linear continuation of the pump-intensity dependence of the NLPF-signal occurs only for
probing the whole absorption spectrum, but not for probing only the emission from the satu-
rated, lowest excited state, which spectrum is almost identical with the fluorescence spectrum
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of the whole system. Instead of this the emission of the higher excited states can be probed (cf.
ζ02 (ωt) in Eq. 6.15), which otherwise is quenched for the fast energy transfer. Similar effects
applies to probing the excited state absorption.
6.2.2 Fast energy transfer and excitation annihilation
For a pair of two-level systems acting as donor and acceptor of a fast incoherent energy transfer,
the homogeneous model can not be applied directly. However, the status of occupation in a
donor-acceptor pair can be mapped to the four-level system shown in Fig. 6.4 as follows:
Neither donor nor acceptor are excited → |0〉 .
Only the acceptor is excited → |1〉 .
Only the donor is excited → |2〉 .
Both, donor and acceptor are excited → |3〉 .
Next the cross-sections and the energy relaxation rates in Fig. 6.4 are to redefine accord-
ing to this mapping: For the absorption to the single excited band one obtains σabs (ωp, ωp) :=
σA (ωp, ωp)+σD (ωp, ωp) , where σA (ωp, ωp) and σD (ωp, ωp) represent the cross-section of pump-
ing the absorption of acceptor and donor respectively, while σem (ωp, ωp) stand for the stimulated
emission of the acceptor σA′ (ωp, ωp). The excited state absorption means now excitation of the
donor when the acceptor is already excited. Therefore one set σexc (ωp, ωp) := σD (ωp, ωp).
The energy transfer from donor to acceptor is represented by the intra-band relaxation rate as
γintra := γAD, while the energy relaxation to the ground state is given by γA, for γAD  γD.
The relaxation of the doubly excited state represented by γinter, however, a similar relation does
not exist for the donor and acceptor being two-level systems. The reason is that according
to the mapping the inter-band relaxation represents either that of the donor γD or that of the
acceptor γA. Both channels can be summed up, since in the case the acceptor relaxes first, the
donor will immediately transfer its energy to the acceptor for γAD  γD, γA. Consequently,
one obtains γinter = γA + γD. This means the inter-band relaxation is slow compared to the
intra-band relaxation, and approximately of the same speed as the ground-state recovering.
Therefore, accumulation of excitation may not only occur in the state |1〉 but also in the state
|3〉. A system where this can happen is not to solve by the method demonstrated above.
However, for acceptors being multi-level systems, one can get rid of this problem for exci-
tation annihilation. In Fig. 6.5 this process is outlined. Bottom line it is only important, that
when the acceptor is already excited, additional excitation from the donor will be annihilated
on a time scale comparable to the fast energy transfer. Though excitation annihilation seems
to be a rather special case, it is quite often realized e.g. for chlorophylls in photosynthetic
antennae (see chapters 8 and 9).
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Figure 6.5: Scheme of the annihilation process. Initially both donor (D) and acceptor (A) are in
the lower excited state (dots). Than the donor transferres its excitation energy to the acceptor
with a rate γ′AD. Thereby the donor returns to its ground state, while the acceptor switches
to the higher excited state. From there by internal conversion the excitation will return to the
first excited state of the acceptor with the rate γIC . Thus the acceptor is in the initial state,
and the excitation on the donor is annihilated.
By identifying the fast energy transfer and the likewise fast excitation annihilation with the
inter- and inter-band relaxation, respectively, one has the donor–acceptor pair exactly mapped
to the previously solved homogeneous system. Thus, the pump-intensity-dependent NLPF-line-
shape function results from Eq. 6.12 for saturation parameter and prefactor as given by Eqs.
6.13 and 6.14, respectively. Expressed in terms of the cross-sections of pumping absorption and
emission of donor and acceptor these yield as
ξ (ωp, ωp) =
σA (ωp, ωp) + σA′ (ωp, ωp) + σD (ωp, ωp)
γA
(6.16)
η (ωt, ωp) = (ζA (ωt) + ζA′ (ωt))
σA (ωp, ωp) + σD (ωp, ωp)
σA (ωp, ωp) + σA′ (ωp, ωp) + σD (ωp, ωp)
. (6.17)
The probe-frequency dependence of η (ωt, ωp) demonstrates that the saturation of the NLPF-
signal is only observed for probing the acceptor. This is easily to understand, since excitations
will reside on the acceptor due to the slow energy relaxation to the ground state, while on
the donor they will be immediately transferred to the acceptor (γAD) or annihilated (γ
′
AD).
Bleaching of the donor by the acceptor is not possible for γDA  γAD. For probing the donor
at higher intensities, where the acceptor is already saturated, one obtains the linear continuation
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(cf. Eq. 6.15) as
slc(ωt, ωp)Ip = {ζD (ωt) + ζD′ (ωt)} σD (ωp, ωp)
γ′AD
Ip. (6.18)
Note that here the probing functions for bleaching and excited state absorption cancel out
due to the mapping ζ32 (ωt) = ζ10 (ωt) = ζA (ωt). Hence, for saturated absorber the donor
contributes to the NLPF-signal like other heterogeneous admixtures (cf. section 4.1.1).
For a multitude of donors one just sums up the cross-sections for pumping absorption. For
a multitude of acceptors one has to consider the branching ratios (cf. Eq. 4.56 in section 4.3).
In the case of two acceptors 1 and 2 with ultrafast but balanced energy transfer between them
(γ12 ∼ γ21  γ1, γ2)1 one obtains the saturation parameter as
ξ (ωp, ωp) =
σabs (ωp, ωp) + w1σem1 (ωp, ωp) + w2σem2 (ωp, ωp)
w1γ1 + w2γ2
(6.19)
where σem1 (ωp, ωp) and σem2 (ωp, ωp) represents the cross-sections of pumping the emission of
the respective acceptor 1 and 2, weighted by factors
w1 =
1
1 + exp [ω12/kT ]
and w2 =
1
1 + exp [ω21/kT ]
(6.20)
according to the detailed balance (cf. Eq. 3.44). The cross-sections for pumping the absorption
σabs (ωp, ωp) is the sum of those for donors and acceptors in equal measures.
The case where the acceptors are not connected by energy transfer can be solved for pumping
either donors or acceptor, i.e. in spectral regions where both do not overlap. In this case one
obtains the pump-intensity-dependent NLPF-line-shape function as
SD(ωt, ωp, Ip) =
∑
A
ζA (ωt)F [ξD (ωp, ωp) Ip] (6.21)
with the saturation parameter given by
ξD (ωp, ωp) =
bADσD (ωp, ωp) + σA (ωp, ωp) + σA′ (ωp, ωp)
γA
. (6.22)
The parameters bAD represent the branching ratios for the energy transfer from the pumped
donor D to the probed acceptor A. For systems with only one donor but a multitude of
acceptors they are given as
bAD =
γAD∑
A γAD
. (6.23)
For a multitude of donors, one has to construct a model of the energy path and to calculate bAD
quite similar as the correlation matrix β(0) in chapter 4. For probing and pumping only one ac-
ceptor one obtains the same pump-intensity dependence of the NLPF-signal as if the respective
1γ1 and γ2 are the rates of energy relaxation to the ground state of the respective acceptor 1 and 2.
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accepter would be an isolated two-level system. Unfortunately, for the pump-frequency range
of the branching, where donors and acceptors overlap, a mapping to an equivalent two-level
systems as for the other spectral regions is not possible. Therefore, for this spectral region the
ξ-spectrum will provide a reliable absolute cross-section of pumping for neither the donors nor
the acceptors.
6.3 Summary
In the presented chapter it has been shown that the intensity dependence of the NLPF-signal
provides additional information about the spectroscopic properties of a molecule. Namely,
it is rather suitable for the determination absolute values of the cross-sections of absorption
and emission. These can be in principle also determined by e.g. nonlinear absorption (NLA).
However, in special cases the saturation intensity obtained by pump-intensity dependent NLPF
is quite better to defined. For the two-level system it corresponds to the pump-intensity at
maximum NLPF-signal (cf. Fig. 6.1), while in NLA no maximum appears. For moderate
pump intensities T2-peak features the already known power broadening [Marcano O and Garcia-
Golding, 1985]. At highest pump-intensities an effect analogous to the optical Stark effect splits
the T2-peak. Whether this effect is usable or more unedifying for complicating the evaluation of
a NLPF-spectra remains questionable. The results for the two-level system have been already
published by the author in ref. [Beenken and May, 1997].
The pump intensity dependence of the NLPF-signal of a multi-level systems can be also
evaluated. However, due to the complicated orientational averaging this is almost limited to
special cases. Two have been demonstrated, here for the first time. It has turned out that for
a homogeneous substructure with fast energy transfer among the excited states the saturation
behavior is much the same as for a two-level system. The resulting ξ-spectrum, which describe
the pump-frequency dependence of the saturation for the NLPF-signal (cf. Eqs. 6.6, 6.7 and
6.13), provides the absolute cross-section of absorption and emission for known ground-state
recovering time. The main difference to the two-level case is that for pump-intensities beyond
the first saturation the NLPF signal continues to rise linearly with the pump-intensity again
(linear continuation). The second system where the pump-intensity dependence of the NLPF-
spectrum has been studied is a donor–acceptor pair with fast incoherent energy transfer and
excitation annihilation . It could be shown that it is also possible to map this case to the two-
level system. In this special, but quite often realized case of energy transfer (e.g. in chapters
8 and 9), the ξ-spectrum provides the absolute cross-section of pumping for the summarized
absorption and emission spectrum of the pair. Since the linear continuation gives the absorption
spectrum of only the donor, a decomposition of the ξ-spectrum into the three cross-sections
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for absorption of the donor, absorption of the acceptor, and emission of the acceptor may be
achievable without external information. An interesting field for application of the strong-
field NLPF is the determination of molecular aggregation. For application of the method to
photosynthetic antennae see chapters 8 and 9.
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Part II
Application of NLPF to photosynthetic
antennae
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Chapter 7
Short introduction to photosynthesis
Photosynthesis is one of the most fundamental process for life. Therefore it is of essential
interest to understand the processes which enables plants, cyanobacteria, green and purple
bacteria, as well as several other bacteria to convert light into chemical energy e.g. for the
glucose synthesis in higher plants according to the reaction
6CO2 + 12H2O+ nhν → C6H12O6 + 6O2. (7.1)
for a number of photons n ∼ 100. This summarized reaction is separated into two major
reaction complexes: The primary conversion of light and water into oxygen, protons, and
electrons (light reactions). The latter will be bound to electron carriers, either NAD+ or
NADP+, which by their reduced forms NADH and NADPH, respectively, act as hydrogenators
for the mentioned conversion of carbon dioxide into glucose in the second reaction complexes
(Calvin-cycle) and other secondary reactions like nitrogen fixation, isoprene synthesis, etc. –
all together often subsumed under the term ‘dark reactions’ [Blankenship, 2001,Alberts et al.,
2002, Berg et al., 2002]. In the present context only the light reactions is of interest, where
photo-excitations are directly involved. These are very well accessible to direct investigations
by means of spectroscopic methods [Amesz and Hoff (eds), 1996].
Except of some archea (e.g. Halobacterium halobium), where photosynthesis is based on
Bacteriorhodopsin being quite similar to the retinal in the human eye [Alberts et al., 2002], all
other known photosynthetic organisms contains either chlorophyll (Chl) or bacteriochlorophyll
(Bchl) in different forms. Fig. 7.1 shows the three molecules which are of interest in the
following chapters.
chlorophylls are found in the higher plants and in cyanobacteria in mainly two modifi-
cations (see Fig.7.1), while bacteriochlorophylls are the constituents of the purple bacterial
photosynthetic apparatus. For bacteriochlorophyll in green bacteria see ref. [Scheer, 1991].
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Figure 7.1: Structure formulas of chlorophyll a and b (Chl a, Chl b) as well as of bacteriochloro-
phyll a (Bchl a) according to [Scheer, 1991]. Shown are the tetrapyrrole rings with attached
side groups, but not the full phytyl chain. The approximative orientations of the Qy-transition
dipoles are assigned by the double-arrows [Scherz et al., 1991,Fuchs et al., 2003].
Except of chlorosoms in green photosynthetic bacteria, which are attached to protein-lipid lay-
ers [Pearlstein, 1991,Blankenship et al., 1995b] both, Chls and Bchls are regularly embedded in
transmembrane proteins forming different complexes. The most important of these complexes
is of course the reaction center (RC), where the mentioned conversion of light energy into chem-
ical energy happens. For higher plants these are located specific organelles, the chloroplasts,
which contains the multiply folded lipidic thylakoid membrane all Chl–protein complexes are
built in. Chloroplasts as well as cyanobacteria possess two photosystems (PS I and PS II) with
different RC acting in series (see Fig. 7.2). This is necessary to overcome the electrochemi-
cal potential needed to reduce water to oxygen and two protons. The resulting pH gradient,
enhanced by additional proton transport via intra-membrane (plasto)quinones as driven by
the electron transport form PS II as well as PS I to the Cytochrome b6f complex, across the
thylakoid membrane is used by ATPase to synthesize ATP from ADP, which is the universal
energy carrier for all kinds of metabolism. The photo-excited electrons pass the two reaction
center and redox chains containing several cytochromes (e.g. cytochrome b6f complex cf. Fig.
7.2) in order reduce to finally NADP+ to NADPH which is the likewise universal hydrogenator
in plants as mentioned above [Blankenship, 2001,Alberts et al., 2002,Berg et al., 2002]. Purple
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bacteria possess mainly one type of RC, which are Purple and green bacteria work with H2S or
organic compounds instead of H2O as electron donator. Therefore, a single type of RC located
in the bacterial membrane is sufficient for them [Blankenship et al., 1995a].
Figure 7.2: Artistic illustration (by Joe Nield, 1999) of the thyllakoid membrane with embedded
photosystems PS I and PS II, associated antennae complexes, cytochrome-b6f complex and
ATPase. Electron and proton transport paths are indicated. For description see text.
The major fraction of Chls as well as of Bchl, however, is not contained in the respective reac-
tion centers, but in antennae complexes surrounding them. These antennae collect the incident
light and funnel it to the reaction centers. Thereby, they do not only extend the geometrical
cross-section per reaction center but also the spectral range of light that can be accepted. An-
tennae complexes has been investigated by a biochemical, crystallographic [Deisenhofer et al.,
1984, Ku¨hlbrandt et al., 1994, McDermott et al., 1995, Karrasch et al., 1995, Koepke et al.,
1996,Camara-Artigas et al., 2003], and spectroscopic methods, which are numbers [Amesz and
Hoff (eds), 1996]. In the following chapters studies will be demonstrated, how NLPF has been
applied to the peripheral light harvesting antenna (LH2) of different purple bacteria as well as
to two different light harvesting complexes (CP29 and LHC II) of higher plants, in order to
reveal the nature of coupling between the constituent Bchls and Chl, respectively. Thereby the
T2- and T1-peak analysis (cf. chapter 4) as well as the pump-intensity-dependent NLPF (cf.
chapter 6) will show there potentials quite well.
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Chapter 8
The B850-band of the peripheral light
harvesting antenna (LH2) of purple
bacteria
In photosynthetic active purple bacteria the reaction center (RC), where light energy is con-
verted into chemical energy, is supplied with photo-excitations by two light harvesting antennae,
the core antenna LH1 and peripheral antennae LH2. For all three components, RC, LH1, and
LH2 exist crystallographic structures. As first of all the X-ray structure of the reaction center
has been revealed [Deisenhofer et al., 1984]. This is surrounded by the core light harvesting
antenna complex LH1 which consists of some tens of bacteriochlorophyll molecules (Bchl a cf.
Fig 7.1) arranged in a wide ring [Karrasch et al., 1995]. The peripheral light harvesting an-
tenna complexes LH2 are also ring-shaped but smaller in diameter than LH1. They adjoin
edge to edge to each other and to the LH1 (cf. Fig. 8.1). The highly resolved X-ray structures
of the LH2 of Rhodopseudomonas (Rps.) acidophila [McDermott et al., 1995] as well as of
Rhodospirillum (Rs.) molischianum [Koepke et al., 1996] have stimulated both, theoretical
calculations and experimental investigations to their structure–function relation [Blankenship
et al., 1995a,Sundstro¨m et al., 1999,van Amerongen et al., 2000].
8.1 Structure and absorption spectrum of LH2
The LH2 of Rs. molischianum contains 24 Bchl a, which are arranged in two rings stacked one on
the other (cf. Fig. 8.2). Both ring systems have nearly the same diameter. The one ring, named
B800, contains 8 Bchl a (Bchl-B800) with shortest Mg–Mg distances of 22.0A˚. Their tetrapyrrole
planes are turned out of the ring plane about 38◦. The other ring, named B850, contains 16
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Figure 8.1: Artistic illustration of the photosynthetic reaction center (RC), the core antenna
(LH1) and several peripheral antennae (LH2) of the purple bacterium Rhodospirrillium (Rs.)
molischianum [Hu et al., 1997] (based on the X-ray crystal structure [Koepke et al., 1996])
Shown are pigments and protein backbones.
Bchl a (Bchl-B850) with alternating Mg–Mg distances of 8.9A˚ and of 9.2A˚. Consequently the
B850 system has the same C8-symmetry as the whole aggregate. The tetrapyrrole planes of the
Bchl-B850 are nearly perpendicular to the ring plane, forming a densely packed water-wheel
like structure. The detailed X-ray structure analysis shows, furthermore, that two neighboring
Bchl-B850 are oriented to each other up-side down and their Qy-transition dipoles are slightly
turned to each other and out of the ring-plane. The shortest Mg–Mg distance between Bchl-
B800 and Bchl-B850 is 19.1A˚. Additionally LH2 contains eight carotenoids (lycopene), which
span both rings (not shown in Fig. 8.2) [Koepke et al., 1996].
The absorption spectrum of the LH2 of Rs. molischianum (see Fig. 8.3) shows two Qy-
absorption bands at 798nm and 847nm, the Qx-band at 580nm and a broad Soret band between
300 and 400nm attributed to Bchls as well as several subbands between 430 and 530nm of the
lycopenes. In the present context its the Qy-absorption in the near-infrared (NIR) which is of
interest. The split of the Qy-absorption band, which for isolated Bchl a in solution would be
located at 773nm [Hoff and Amesz, 1991], into two bands has been related to the two different
kinds of Bchl sites.
The band at 798nm has been attributed to the Bchl-B800, by the assumption that they
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Figure 8.2: Arrangement of the BChls in the peripheral antenna complex LH2 of Rps. acidophila
as results from the X-ray crystall structure data [McDermott et al., 1995].
interact with the protein environment but not between each other.1 For the closer packed
Bchl-B850, however, a strong dipole-dipole interactions between the Bchls has been assumed to
be responsible for the redshift of the Qy-absorption to 847nm. However, the relation between
the dipole-dipole coupling strengths and the static as well as dynamic disorder among the
Bchl-B850 is discussed controversially [Hu et al., 1997, Bakalis et al., 1999, Linnanto et al.,
1999,Kimura et al., 2000,Dahlbom et al., 2001,van Amerongen et al., 2000].
Though there does not exist a X-ray crystallography for the LH2 of Rhodobacter (Rb.)
sphaeroides, yet, the structure has been assumed to be quite similar to the LH2 of Rs. molischi-
anum due to the nearly identical absorption spectra. For both species one obtains absorption
bands at 800nm and 850nm. For Rps. acidophila the X-ray crystal structure reveals a C9-
symmetry of the aggregate [McDermott et al., 1995] in accordance to the content of 27 Bchl a.
These are also arranged in two stacked rings, one with 9 Bchl, the other with 18 Bchl. The NIR
absorption spectrum shows two Qy-bands at 801nm and 859nm (cf. Fig. 8.4) [Cogdell et al.,
1997]. Despite of a different spectral position the latter band is also named B850.
8.2 Theoretical model for the B850 band
Theoretical calculations for the B850 excitation of Rs. molischianum [Hu et al., 1997] show
that for negligible energetic and structural disorder of the circular B850 aggregate the excited
state split into 16 partially degenerate exciton states (see Fig. 8.5). The sum of oscillator
1Of course, historically, the X-ray structures have followed the already known absorption spectra – so the
naming of the B800 and B850 ring.
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Figure 8.3: Absorption spectrum for the peripheral light harvesting antenna (LH2) of Rs.
molischianum [Voigt, unpublished]. Band assignments see text
strengths of the 16 Bchl-B850, however, is redistributed to only some of these states – mainly
into the two degenerate exciton states
∣∣1‖〉 and |1⊥〉 energetically being the lowest but one (cf.
supplement 8.6). In this model the 50nm shift of the B850-band in respect to the B800-band
is explained by only the strong dipole-dipole interaction [Atkins, 1998] between the Bchl-B850
molecules given by
Vij =
1
4pinε0
(
µiµj
R3ij
− 3(µiRij) (µjRij)
R5ij
)
. (8.1)
Note that due to the R−3ij dependence the dipole-dipole interaction of the Bchl-B800 is one
order of magnitude smaller than that between Bchl-B850. For the latter, however, the dipole-
dipole interaction might be to correct for the distance being in the same order of magnitude
as the molecular size [Krueger et al., 1998, Scholes, 1999]. For small elliptical deformation of
the B850-ring the degeneration of the exciton states
∣∣1‖〉 and |1⊥〉 will break. In this case
the B850-band splits to two subbands (cf. supplement 8.6). Since the Qy-transition dipoles
of the Bchl-B850 are slightly out of plane, the energetically lowest exciton state |10〉 will also
share a small amount of oscillator strength. The three energetically highest exciton states will
get a even smaller part due to the fact that the basic cell contains two instead of only one
Bchl-B850 [Hu et al., 1997,Koepke et al., 1996].
For increasing static disorder in respect of site energies and structure of the B850-ring,
one expects that the oscillator strength will be distributed over more than the mentioned two
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Figure 8.4: NIR-absorption spectra for the peripheral light harvesting antennae (LH2) of Rb.
spheroides (solid line) and Rps. acidophila (dashed line) [Nowak, 1999]. For band assignments
see text
exciton states [Knoester, 1993]. Furthermore, the energy splitting of the excitonic states will
become equally spaced. X. Hu et al. have calculated the exciton band for normal distributed
site energies with standard deviation σ = 170cm−1 [Hu et al., 1997]. This has resulted in a
Gaussian-shaped B850-band with line-width parameter ∆ = 60cm−1, which is in agreement to
the inhomogeneous line width obtained by hole burning measurements for the B850-band of
Rb. sphaeroides at 4K [Reddy et al., 1991]. As mentioned above Rhodobacter (Rb.) sphaeroides
and Rs. molischianum are assumed to be very similar in structure and spectra. In principal the
exciton band model for Rps. acidophila is comparable to that of Rs. molischianum , but due
to the C9-symmetry the two exciton states in the middle of the exciton-band are now doubly
degenerate (cf. Fig. 8.5 and ref. [Sauer et al., 1996]). It may be assumed that the different
structure may be responsible for the more red-shifted B850-band of Rps. acidophila at 859nm
(cf. Eq. 8.4).
It has to be mentioned, that the theoretical model of the B850-band by [Hu et al., 1997],
as presented above, is not unchallenged. There exists a long-standing debate of the nature
of the excitations on the B850 aggregate as already indicated above [Chachisvilis et al., 1997,
Sundstro¨m et al., 1999,van Amerongen et al., 2000,Dahlbom et al., 2001]. The interpretations
of the results reach from the assumption of molecular excitations localized by static or dynamic
disorder to only a Bchl-B850 dimer [Jimenez et al., 1996] up to delocalized Frenkel-excitons
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Figure 8.5: Theoretically predicted exciton bands for the LH2 of Rb. molischianum [Hu et al.,
1997]. The thick lines assign exciton states which can carry some oscillator strength. The
B800 band consists of eight energy levels which are quite close. The B850 band mainly of two
degenerate exciton states lowest but one.
over nearly the entire B850 ring [Novoderezhkin et al., 1999, Leupold et al., 1996, Leupold
et al., 1999]. In the former model one assume the localized excitation hops from one Bchl-B850
dimer to the next on a one-dimensional random walk. Thereby the initial orientation of the
associated transition dipole is lost due the circular arrangement of them in the plane of the B850
ring. This would explain the observed depolarization of the excitation on a time-scale of some
100fs by a Fo¨rster-like transfer [Jimenez et al., 1996]. The totally delocalized excitons excited
at 850nm were the two, degenerate in energy with transition dipole moments perpendicular
to each other, mentioned above. The actual polarization of the excited exciton, however, is
represented by a coherent superposition of these two transition dipoles (cf. supplement 8.6).
Since the exciton states are degenerate, slightest fluctuations of the molecular structure give
rise to the transition dipole to rotate in the B850 plane randomly. Being thermally driven
by molecular vibrations of the Bchls themselves as well as the surrounding protein, a 100fs
time-scale for this kind of exciton dynamics is not unreasonable [Ku¨hn et al., 2002]. Recently,
theoretical studies have shown that the conflict between both pictures can be solved by studying
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the dynamics resulting from the exciton-phonon interaction in detail [Dahlbom et al., 2000,
Dahlbom et al., 2001, Dahlbom et al., 2002]. In particular this has been demonstrated for
the B850 aggregate. In these models the initially delocalized exciton will be start to localized
mainly after relaxation to the lowest exciton state by a feed-back process for exciton–phonon
interaction, analogously to polaron formation. The extend of the finally reached delocalization
length of the exciton depends significantly on temperature, static disorder, and the coupling to
the vibrational modes. The stronger the exciton–phonon and the larger the statical disorder,
the shorter is the delocalization-length and the more incoherent is the exciton motion. The
latter depends also on the spectral density of phonon modes. In the extreme case the excitation
can be trapped to a single site [?,Ku¨hn et al., 2002,Beenken et al., 2002,Dahlbohm, 2002].
From excitation annihilation experiments on Rb. sphaeroides it has been concluded that
the coherence length of the exciton is Ncoh = 2.8 ± 0.4, i.e. the exciton is delocalized over
approximately three Bchl-B850 [Trinkunas et al., 2001]. This is in contradiction to conclusions
from nonlinear absorption (NLA) measurements stating that the observed enhancement of the
cross-section of absorption results from the redistribution of oscillator strength according to
excitons delocalized nearly over the entire B850 ring [Leupold et al., 1996,Leupold et al., 1999].
In the cited works already results from NLPF by F. Nowak [Nowak, 1999] concerning the
determination of inhomogeneous and homogeneous line widths have been used [Leupold et al.,
1993,Leupold et al., 1994,Leupold, 1995,Leupold et al., 2000].
8.3 Low-intensity NLPF-spectra of the B850-band
In the work be presented the enhancement of the oscillator strength in the B850-band will be
determined by only using NLPF, i.e. a combination of T2-peak analysis for low-intensity NLPF-
spectra in order to determine the homogeneous line width, and pump-intensity-dependent
NLPF for extracting the absolute cross-section of absorption at a certain wavelength. Thereby
T1-peak analysis at low pump-intensities will provide the necessary information about the
ground-state-recovering time (cf. chapters 4 and 6). One will see that this combination of
nearly all methods receiving information from NLPF, demonstrated in the previous chapters,
allows one to determine the enhancement of oscillator strength in the B850 quite well, and to
distinguish between the two models presented in the previous section.
8.3.1 T2-peaks
In order to determine the inhomogeneous and homogeneous line width at room temperature
NLPF spectra of LH2 for Rs. molischianum and Rb. sphaeroides have been measured by
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B. Voigt (partly published in [Leupold et al., 2000]), those for Rps. acidophila by F. R.
Nowak [Nowak, 1999] (sample preparation by B. U¨cker and M. Bandilla, respectively).
For Rs. molischianum (Fig. 8.6 panel a) no shifts of the T2-peak centered at 850.0±0.2nm
have been observed for moving the probe frequency from 840 to 860nm. This means that
here the B850-band represents a single transition at 850nm. T2-peak analysis determines the
homogeneous line width to 474 ± 10cm−1 and limits the inhomogeneous line-width parameter
∆ to an upper bound of 60cm−1 (cf. section 5.1). The latter value is in good agreement to that
obtained for Rb. sphaeroides by the hole-burning measurements at 4K [Reddy et al., 1991]. In
the NLPF-spectra for Rps. acidophila probed from 840 to 860nm. shifts of the T2-peak are
absent as well (cf. Fig. 8.6 panel b). Nevertheless, there may exist a substructure due to the
fact that the maximum of the T2-peak occurs at 853± 1nm, while the absorption spectrum is
maximum at 860nm.
Only for Rb. sphaeroides (Fig. 8.6 panel c) a shift of the T2-peak maximum is clearly
apparent, particularly, for moving the probe wavelength from 850 to 860nm. By global fitting
of all four spectra (λt = 830, 840, 850, 860nm) using the methods mentioned in chapters 4 and
5 as implemented in ref. [Ehlert and Beenken, 1998], two subbands at 843± 1 and 852± 1nm
has been identified within the B850-band. The ratio of their strengths is approximately 10 : 1
as obtained from the simultaneous fit of the absorption spectrum (cf. Fig. 8.7). The remaining
small differences have been attributed to the B800-band, which has not been considered for
the fit. With 470 ± 10cm−1 the homogeneous line width of the main subband at 843nm is
comparable to that of the B850-band in Rs. molischianum. The inhomogeneous line-width
parameter, however, is limited to ∆ ≤ 50cm−1, what is 20% less than the value obtained by
the hole-burning measurements at 4K [Reddy et al., 1991] (see above). Both subbands seems
to be heterogeneous to each other (cf. section 4.1.1). This means that they may belong to two
different kinds of aggregates, may be due to a slightly different structure. Due to the similarity
between the main subband is comparable to the B850 band of Rs. molischianum, the structures
of the LH2 seems to be comparable for both species, at least at room temperature.
At low temperatures, however, the NLPF-spectra of the LH2 of Rb. sphaeroides change
significantly, though the absorption spectrum remains nearly unchanged. At 20K the NLPF-
spectrum probed at 830nm reveals clearly two distinct subbands located at 838nm and 860nm
(cf. Fig. 8.6, panel d). Now the 860nm subband is the stronger one, even though the probe
wavelength is in the range of the subband at 838nm, what hints to a homogeneous substructure
(cf. section 4.1.3). The appearance of two homogeneous subbands for Rb. sphaeroides is quite
surprising, since the absorption spectrum of the isolated LH2 does not show any indication of
spectral substructure within the B850-band – not even at 4K [Wu et al., 1996].
The reason of the split of the B850 band for Rb. sphaeroides is still unknown. The lowest
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Figure 8.6: Fitted NLPF-spectra (B850-band) of the light harvesting antenna LH2 of the
purple bacteria Rs. molischianum (a), Rps. acidophila (b), and Rb. sphaeroides (c) at room
temperature. The latter has been also investigated at 20K (d). All NLPF-spectra recorded
over the pump wavelength for fix probe wavelengths (arrows) Fits based on data (shown for
d as dots) by B. Voigt (partly published in [Leupold et al., 2000]) and F. R. Nowak [Nowak,
1999].
exciton state, which can carry some oscillator strength (see above) can be excluded to be
responsible, since the corresponding transition is to expect around 870nm [Hu et al., 1997].
A recently reported polaron state detected in fluorescence for the LH2 of a mutant of Rb.
sphaeroides at 880nm free of LH1 [Polivka et al., 2000] should not appear in absorption due
to the fact that it is formed after excitation and relaxation of the B850 exciton band. To
attribute the splitting to an elliptical deformation of the cylindric LH2 aggregate does not hold
as explanation either. Though this geometrical defect will split the doubly degenerate exciton
levels (see above) including the two which carry the main oscillator strength, the perpendicular
transition dipoles, which are now pinned to the main axes of the elliptical deformation, should
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Figure 8.7: Room-temperature absorption spectrum of the LH2 of Rb. sphaeroides (solid line)
and fit (dashed line) according to the two subbands at 843 and 852nm found by NLPF.
be of nearly the same strength. Considering the geometry factor (cf. Eq. 4.10) for perpendicular
dipoles, this means that for probing the subband at 838nm , in respect of the pump-wavelength
dependence, the heights of the two subbands at 838 and 860nm should yield a ratio 2 : 1.
Obviously, the opposite is the case (cf. Fig. 8.6 panel d). As last explanation the static energy
disorder reported as about σ = 170cm−1 (see above [Hu et al., 1997]) is to reject, as well.
Though it causes a split of the observed order of magnitude, this will also result in a symmetric
redistribution of the oscillator strength to the two subbands. Thus the B850 band for Rb.
sphaeroides is still an interesting object for further spectroscopic investigations and theoretical
studies.
8.3.2 T1-peak
Beside the information about the substructure of the B850-band, the NLPF-spectra contains
also information about the lifetime of the B850 excitation. This could be obtained by the T1-
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peak, which could not be displayed in Fig. 8.6 for its narrowness. In Fig. 8.8 a NLPF-spectrum
of the B850 band of Rs. molischianum for probe wavelength λt = 840.011nm (11904.61cm
−1)
highly resolved in frequency is shown. Since the T1-peak is quite symmetric, the fit could
performed as for the two-level system (cf. Eq. 2.41). It results in a energy relaxation rate of
γ = 0.0275± 0.002cm−1, which corresponds to T1 = 1.2± 0.1ns. This lifetime is in agreement
with those usually found for purple bacteria, e.g. Rb. sphaeroides T1 ∼ 1ns [Monshouwer et al.,
1997].
Figure 8.8: T1-peak for LH2 of Rs. molischianum probed at 11904.61cm
−1 (arrow), i.e. λt =
840.011nm. Experimental data (squares) by B. Voigt (unpublished). Fit for γ = 0.055 ±
0.003cm−1 (solid line) according to Eq. 2.41.
8.4 Pump-intensity dependence of the NLPF-signal in
the B850 band
Beside information about homogeneous and inhomogeneous broadening one may be also inter-
ested in the absolute cross-section σB850(ω) of the B850 absorption. This information can be
obtained by the pump-intensity dependence of the NLPF-signal according to Eqs. 6.5-6.7 for
known lifetime of the excitation. Note that this is not the lifetime of the initially excited B850
exciton, which may be much shorter by exciton thermalization, but the ground-state recovering
122
Chapter 8. The B850-band of the peripheral light harvesting antenna (LH2) of purple
bacteria
time, which is exactly the quantity determined from T1-peak analysis. In Fig. 8.9 the intensity
dependence of the NLPF-signal pumped at λp = 850nm and probed at λt = 840nm is shown
for isolated LH2 of Rs. molischianum.
Figure 8.9: Pump-intensity dependence of the NLPF signal for LH2 of Rs. molischianum
pumped at 850 nm and probed at 840 nm. Experimental data (squares) by B. Voigt (unpub-
lished). Fit (solid line) according to Eqs. 6.12, 8.2, and 6.15 results in saturation parameter
ξ(850nm) = (1.01± 0.07) × 10−23cm2s. Margins for confidence level 95% are shown (dotted
lines).
In order to interpret the results of the previous section it is useful to treat the two possible
models – the delocalized exciton model and the incoherent hopping transfer model – as presented
in section 8.2, separately.
8.4.1 Delocalization length of an assumed B850-exciton
In the exciton model used above [Hu et al., 1997], the transitions to the two exciton states∣∣1‖〉 and |1⊥〉, carry the major part of the oscillator strength. The corresponding transition
dipoles µ‖ and µ⊥ are lying in the B850 plane perpendicularly to each other. For modelling
the pump-intensity dependence of the NLPF-signal beside the two degenerate exciton states∣∣1‖〉 and |1⊥〉 also the lowest non-degenerate exciton state |10〉 has to be taken into account.
As mentioned above this is connected with a transition with only tiny oscillator strength. For
sake of simplicity, it will be assumed to be ‘dark’ in what follows, i.e. µ0 ≈ 0. The intra-
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band relaxation to the lowest exciton state as well as the exciton–exciton annihilation can be
assumed to be quite fast compared to the ground-state recovering, which is about 1.2ns (see
section 8.3.2). Note that in the exciton picture, the excitation annihilation is to described
as inter-band relaxation from the two- to the one-exciton band [Bru¨ggemann et al., 2001].
According to the excitation annihilation measurements for Rb. sphaeroides the inter-band
relaxation happens within 600fs [Trinkunas et al., 2001].
Hence, fulfilling the preconditions the B850 system band can be described by the model
given in section 6.2.1, in principle. Only an adaptation to the orientational averaging for
circular aggregates is to be made (see supplement 8.6). This results in the specific saturation
function
F [x] = 2x−1
(
3 +
(
2 + 3x−1
) arcoth [√1 + x−1]√
1 + x−1
)
for x = ξB850 (ωp, ωp) Ip. (8.2)
to be used in Eq. 6.12 for argument x = ξB850 (ωp, ωp) Ip. In complete analogy to Eq. 6.13 the
saturation parameter is given by
ξB850 (ωp, ωp) =
σ0→1 (ωp, ωp) + σ1→2 (ωp, ωp) + σem (ωp, ωp)
γgsr
, (8.3)
where σ0→1 (ωp, ωp) represents the cross-section of pumping the one-exciton states |1±〉 from
the ground-state |0〉, and σ1→2 (ωp, ωp) that of pumping the two-exciton states from the relaxed
one exciton state |10〉. For non-interacting excitons the spectrum of σ1→2 (ωp, ωp) is usually
blue-shifted compared to that of σ0→1 (ωp, ωp) [Spano, 1992]. The cross-section σem (ωp, ωp)
representing the emission from the lowest exciton state is assumed to be quite small (see above).
Fitting the experimental data results in a saturation parameter ξ(850nm) = (1.01± 0.07)×
10−23cm2s. For the linear continuation (cf. Fig. 8.9 for Ip & 1024cm−2s−1) an real value
of slc(840nm, 850nm) = (4± 2) × 10−26cm2s has been found, but no significant imaginary
part. For the decomposition of the saturation parameter in terms of ground- and excited-
state absorption, here transient absorption spectra for Rb. sphaeroides as shown in Fig. 8.10
will be used [Leupold et al., 1996], resulting in σ0→1 (850nm) ≈ (1.7± 0.2) × σ1→2 (850nm) ≈
(11± 1) × σem (850nm). With the lifetime T1 = 1.2 ± 0.1ns as results from the T1-peak (see
above) the cross-section of pumping the one-exciton band of Rs. molischianum yields at 850nm
as σ0→1 (850nm) = 5.0± 0.6× 10−15cm2. Note that, using a definition different from Eq. 2.40
due to the specific orientational averaging for the circular B850-aggregate (cf. supplement 8.6),
the absolute cross-section of the B850-absorption of Rs. molischianum is given as
σB850 (850nm) =
2
3
σ0→1 (850nm) = (3.3± 0.4)× 10−15cm2. (8.4)
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This value found by pump-intensity-dependent NLPF is quite high, but even higher values have
been calculated from NLA measurements: for Rb. sphaeroides σ0→1(848nm) ≈ 7.5× 10−15cm2
[Leupold et al., 1996] and for B800-depleted Rps. acidophila σ0→1(858nm) = 5.8±0.8×10−15cm2
[Leupold et al., 1999], respectively.
Figure 8.10: Transient absorption spectrum of the for Rb. sphaeroides (top) with decomposition
(bottom) into crossections for pumping absorption (σ0→1, solid line), excited-state absorption
(σ1→2, dashes), and stimulated emission (σem) in arbitrary units [Leupold et al., 1996].
Of more interest than the cross-section of absorption at a single wavelength is the transition
dipole moment of the B850-absorption. Compared to the single Bchl a, this should provide
the number of molecules forming the exciton state in terms of the superradiant delocalization
length [Dahlbom et al., 2001] as
L1 = 2
|µB850|2
|µBchl a|2
. (8.5)
The factor two results again from the orientational averaging. The transition dipole can be
determined from the cross-section σ0→1 (ωp, ωp) for known homogeneous line shape of the B850-
band (cf. Eq. 4.2). Using 474 ± 10cm−1 homogeneous line width of the B850-band as results
from T2-peak analysis (see above), the transition dipole moment turns out to be µB850 = 11±
1D.2 For the transition dipole of the single Bchl a being 6.3D [Shipman, 1977], this corresponds
to an exciton delocalization over 3 − 4 Bchl-B850. A similar value has been found in Rb.
sphaeroides by means of exciton–exciton annihilation [Trinkunas et al., 2001]. Not in agreement
21D = 1Debye = 3.335× 10−30Cm
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is the presented result from pump-intensity-dependent NLPF with delocalization over 6 − 7
Bchl, as has been found for Rb. sphaeroides by relative difference absorption spectroscopy
[Novoderezhkin et al., 1999]. Consequently, a completely delocalized exciton is to deny as well.
8.4.2 Fast hopping transfer
Since the previous section showed that the B850-exciton is not completely delocalized, some
of the assumptions made for the evaluation of the pump-intensity dependence of the NLPF-
signal may be to revise. As shown in the supplement 8.6, however, the most crucial point,
the specific orientational averaging has not to be changed. Hence, the saturation function
F [ξB850 (ωp, ωp) Ip] is given as in Eq. 8.2. The assumption that the hopping transfer among
the 16 Bchl-B850, which can be mapped to the intra-band relaxation rate γintra (cf. section
6.2.2), is much higher than the ground-state recovering rate γgsr holds, too [Jimenez et al.,
1996]. Hence, for the fast hopping transfer model (cf. Eq. 6.16) one obtains the saturation
parameter as
ξB850 (ωp, ωp) =
16σBchl (ωp, ωp) + σBchl∗ (ωp, ωp)
2γgsr
. (8.6)
Here σBchl (ωp, ωp) represents the cross-section of pumping the absorption and σBchl∗ (ωp, ωp)
that of pumping the emission plus the excited state absorption of a single Bchl-B850 molecule,
respectively. The factor two in the denominator Eq. 8.6 differs from 6.16 results again from
the averaging over the different orientations of Qy-transition dipoles (cf. supplement). This is
easily to understand, since only half the Bchl-B850 can have the right orientation in respect of
the pump field. The cross-section of emission and excited state absorption occurs in Eq. 8.6
σBchl∗ (ωp, ωp) only once due to the excitation annihilation in the B850-aggregate [Trinkunas
et al., 2001], which allows only one excitation per B850-ring.
In the present model, one has to assume that the homogeneous line width of the B850-band
represents also that for the absorption of the single Bchl-B850, since motional narrowing does
not occur as for the excitonic system [Knapp, 1984]. Thus, from the transition dipole moment of
Bchl a, which is given as µBchl = 6.3D [Shipman, 1977], one can calculate a theoretical value of
the saturation parameter ξB850. It turns out that this has to be larger than 1.5±0.2×10−23cm2s
as lower bound obtained for ignoring the additional contributions by emission and excited state
absorption completely. This value is definitely too high for resembling the experimental result
(1.01± 0.07) × 10−23cm2s (see above). Hence, the model of hopping excitations localized to
a single Bchl-B850 is not a appropriate description of the excitation dynamics in the B850
aggregate.
The reason why the exciton model still fits better to the measured saturation parameters is
to find in the mentioned blue-shift of the spectrum σ1→2 (ωp, ωp) in Eq. 8.3 for the transitions
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from the one- to the two-exciton band [Spano, 1992,Leupold et al., 1996]. Note, that a mapping
from the scheme shown in Fig. 6.4 as shown in section 6.2.2 back to the incoherent energy
transfer model fail in this case. In fact, the observed excited state absorption different from
the absorption spectrum is to interpret as an addition to σBchl∗ (ωp, ωp) in Eq. 8.6. This would
increase the theoretical value for ξB850 (ωp, ωp) as given in Eq. 8.6 even more. For the partial
delocalized exciton no limitations by mapping exist, since here the two-exciton state is already
more than only the simple summation of two one-exciton states [Spano, 1992].
8.5 Summary
For the B850-band of the LH2 of three different species of purple bacteria – Rs. molischianum,
Rb. sphaeroides, and Rps. acidophila – T2-peak analysis of the NLPF-spectra could reveal
inhomogeneous and homogeneous line width with good accuracy. For Rb. sphaeroides two
subbands within the B850-band could be revealed, which were in absorption spectra hidden. In
the case of Rps. acidophila a similar substructure may exist due to the fact that the T2-peak is
blue-shifted compared to the absorption band, but could not be revealed. The NLPF-spectra
for Rs. molischianum have not given any hints to a spectral substructure. In the latter case
the homogeneous line width of the single B850-band turned out to be 474 ± 10cm−1 and the
inhomogeneous to be smaller than 120cm−1. Additional T1-peak analysis results in a ground-
state recovering time for B850-excitation in Rs. molischianum of 1.2± 0.1ns.
By the pump-intensity dependence of the NLPF-signal for the absolute cross-section of
B850-absorption for Rs. molischianum at 850nm a value of (3.3± 0.4) × 10−15cm2 has been
found. In combination with the homogeneous width for an assumable Lorenzian line shape
the corresponding transition dipole moment could be determined to 11 ± 1D. The significant
enhancement of the dipole strength compared to Bchl a in solution has been interpreted as result
of exciton delocalization over 3−4 Bchlmolecules, what is in good agreement with results from
exciton–exciton annihilation in Rb. sphaeroides [Trinkunas et al., 2001]. Neither the model
of the excitations localized to a single Bchl-B850 nor of a completely delocalized exciton were
able to reproduce this result. Therefore, the delocalization of the B850-excitation is to assume
to be just in the middle between these two extreme cases [Dahlbom et al., 2001].
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8.6 Supplement: Orientation-averaging for the circular
B850-aggregate
The three lowest exciton states of a circular aggregate are given in the site representation
[Knapp, 1984] by
|10〉 = 1√
16
16∑
j=1
|j〉 (8.7)
∣∣1‖〉 = 1√
16
16∑
j=1
cos
(
2pi
18
j − ψ
)
|j〉 (8.8)
|1⊥〉 = 1√
16
16∑
j=1
sin
(
2pi
18
j − ψ
)
|j〉 . (8.9)
Here |j〉 assigns the state where the jth site (here occupied by Bchl a) is excited. The lowest
exciton state |10〉 is fully symmetric for rotation around the axis of symmetry of the aggregate.
Therefore he can only provide a transition dipole parallel to this axis, which is given by the very
small components of the molecular transition dipoles µj pointing out of the B850-ring plane.
The next higher exciton states,
∣∣1‖〉 and |1⊥〉, are degenerate in energy. Therefore, any the
exciton state which represents a superposition of them is equivalent. In other words, one can
choose the definition of the Euler angle ψ, which represents the orientation of the transition
dipoles µ‖ and µ⊥ in the B850 plane, freely. The most proper choice is that where the scalar
products with the external fields important for the orientational averaging (cf. Eq. 2.37) yields
as
µ‖Ep =
√
16µBchlEp sin θ and µ⊥Ep = 0. (8.10)
This choice has the advantage that the coherent exciton dynamics, which have to include
the off-diagonal reduced density matrix element ρ‖⊥, are not needed to be calculated for the
excitation process. Note that due to the degeneration of the exciton states
∣∣1‖〉 and |1⊥〉 the
secular approximation may not be valid (cf. Eq. 3.9). For calculations of the depolarization
and energy relaxation dynamics of the B850 aggregate in the framework of Redfield-theory see
ref. [Ku¨hn and Sundstro¨m, 1997b,Ku¨hn and Sundstro¨m, 1997a,Ku¨hn et al., 2002].
According to Eq. 8.10 for averaging the pumping only the Euler angle θ is important, which
is given by the angle between the direction of the probe beam and the axis of symmetry of
the B850-aggregate. Note that this definition is different from that has been used in Eq. 2.37,
but more appropriate for the present problem. The rate of pumping the transition |0〉 → ∣∣1‖〉
yields as σ0→1 (ωp, ωp) Ip sin2 θ, while all other one-exciton states are ‘dark’. In the same way
one proceeds for the excited state transition |10〉 →
∣∣2‖〉, which yields σ0→1 (ωp, ωp) Ip sin2 θ.
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This is possible, since the one-exciton state |10〉, which is the mainly populated within the one-
exciton band due to the fast intra-band relaxation, is fully symmetric in respect of rotations
around the symmetry axis of the B850-aggregate [Hu et al., 1997].
Since µ0, i.e. the transition dipole of the transition |0〉 → |10〉, is assumed to be negligible
and the energy relaxation |1±〉 → |10〉 to be fast, one will probe mainly the bleaching of the
ground state |0〉. For averaging the probing functions
ζ‖(ωt) = ζB850(ωt)
(
sin2 θ + cos2 θ cos2 φ
)
(8.11)
ζ⊥(ωt) = − ζB850(ωt) cos2 φ, (8.12)
over the second Euler angle φ one obtains
S(ωt, ωp, Ip) = ζB850(ωt)
∫ pi
0
(
1− 3 cos2 θ) x sin3 θ
1 + x sin2 θ
dθ (8.13)
introducing the saturation parameter as given by Eq. 8.3. Integration over the angle θ results
in Eq. 6.12 for the saturation function F [x] is given as in 8.2 with argument x = ξB850 (ωp) Ip.
Analogously the cross-section of absorption σB850 (ωp) is given by
σB850 (ωp) =
1
4pi
∫ pi
0
σ0→1 (ωp, ωp) sin3 θ dθ =
2
3
σ0→1 (ωp, ωp) . (8.14)
By elliptic deformation of the B850-ring, the degeneration may break down and the transition
dipoles µ‖ and µ⊥ will be pinned to the semi-major and semi-minor axes, respectively. In this
case an additional dependence on the second Euler angle φ will appear in Eq. 8.13, dependent
of the remaining overlap of the two subbands for
∣∣1‖〉 and |1⊥〉.
For energetically and structurally disordered aggregates all exciton states will mix up, what
results in a reduced delocalization length of the excitation [Hu et al., 1997, Dahlbom et al.,
2001, Dahlbom et al., 2002]. From a certain extend of disorder the coherent exciton picture
may not the proper way to describe the dynamics in the excited state of the B850 aggregate.
This leads directly to the incoherent hopping transfer model3, where the orientation-average
has to consider the circular arrangement of the Bchl-B850 with Qy-transition dipoles within
the B850 plane as well. Here, the relevant scalar products for pumping the Bchl-B850 are given
by
µjEp = µBchlEp cos
(
j
16
+ ψ
)
sin θ, (8.15)
for j numbering the Bchl-B850 sites from 1 to 16 in the case of Rs. molischianum. The Euler
angel θ is defined as above while ψ describes the rotation of the aggregate around the axis of
3In principle the exciton-model is also able to describe hopping transfers as recently has been demonstrated
in the case of exciton–exciton annihilation [Bru¨ggemann et al., 2001].
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symmetry. By summing up the cross-sections of all Bchl-B850 due to the fast hopping transfer
(cf. Eq. 6.16) one obtains the same dependence on only the Euler angle θ as for the exciton
model, but for different saturation parameter ξB850 (cf. Eq. 8.6). Since the excitations will be
distributed within approximately 100fs over all 16 Bchl-B850 sites [Jimenez et al., 1996], this
is true for absorption, emission, and excited state absorption.
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Excitonic coupling of chlorophylls in
the light-harvesting complex II of
higher plants
As mentioned above higher plants possess two different photosystems (PS I and PS II) located
in the thylakoid membrane of the chloroplasts. Each photosystem is surrounded by a specific
light-harvesting antenna system containing antenna complexes, for enhancement and regulation
of the photo-energy flux towards the reaction center. The bulk antennae is the light-harvesting
complex II (LHC II), which binds about half of the total amount of chlorophyll (Chl a and b) in
higher plants. Already this fact demonstrates its important role in photosynthesis [Blankenship,
2001,Alberts et al., 2002,Berg et al., 2002].
9.1 Structure of LHC II
The structure of trimeric LHC II has been modeled on the basis of electron crystallography
to a resolution of about 3.4A˚ [Ku¨hlbrandt et al., 1994]. As shown in Fig. 9.1 the known
pigment content of 7 Chl a and 5 Chl b is embedded into the protein on specific Chl binding
sites. Unfortunately, the resolution has not been sufficient to enable a distinction between
Chl a and Chl b, which differs only by one residual group being either methyl or formyl (cf. Fig.
7.1). Therefore, the assignment of the Chl binding sites Chl a1-a7 and Chl b1-b6 (no b4) to
Chl a and Chl b, respectively, is only tentative [Ku¨hlbrandt et al., 1994]. Nevertheless it is well
motivated by the presence of two luteins (L1 and L2 in Fig. 9.1; for structure formula see Fig.
4.8). Due to the difference in energy of the Qy-absorption between Chl a and b the excitation
energy (cf. Fig. 9.2) absorbed by LHC II will be accumulated to the Chl a. This increases the
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danger of inter-system crossing to triplet states for Chl a, which in presence of oxygen forming
singlet oxygen can cause a lot of photo-damage. Chl b get rid off the problem by the fast by
the energy transfer to Chl a. Therefore, the binding sites for Chl a should be close to the two
luteins, which like other carotenoids act as triplet quencher [Young, 1991]. In the meanwhile,
the occupation of some Chl binding sites has been verified by site-directed mutagenesis [Remelli
et al., 1999,Rogl and Ku¨hlbrandt, 1999,Rogl et al., 2002].
Figure 9.1: Structure of the trimeric LHC II (top-view) according to electron crystallogra-
phy data [Ku¨hlbrandt et al., 1994]. Shown are the protein helices and connecting backbones,
the chlorophylls (a1-a7, b1-b6), and two lycopenes (L1, L2). Strong and light strike of the
assignment means that the respective chlorophyll is arranged in the top and bottom layer,
respectively. The two lycopenes span both layers.
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The absorption spectrum of LHC II shows the typical band structure of Chl binding pro-
teins. The Soret bands of Chl a and b not well separated from the absorption of xanthophylls
are located between 400 and 535nm, peaking at 437nm for Chl a and 474nm for Chl b and
xanthophylls. The Qx-band approximately between 558 and 630nm is unstructured broad and
contain certainly vibrational bands of the Qy-band, which continues the spectrum between 630
till 720nm. The latter, which is of particular interest in the present work present two peaks
at 651nm for Chl b and 676nm for Chl a. however, the spectral region between the two peaks
contains several subbands as well (cf. ref. [Nussberger et al., 1994]). This could be shown
very well by low temperature NLPF-spectra [Schubert et al., 1997] as well as by site directed
mutagenesis [Rogl et al., 2002]. Notably, the fluorescence spectrum is much narrower than the
absorption. This is caused by energy transfer from the spectral forms at shorter wavelength to
the red-most terminal emitter on a time scale between 175fs to 170ps [Connelly et al., 1997],
which is fast compared to the overall excitation life time of approximately 3.6ns.
Figure 9.2: Absorption (solid line) and fluorescence spectrum of trimeric LHCII (data by
A.Schubert). For explanation of the assignments of the bands see text.
9.2 Excitonic coupling in LHC II
Quite interesting the structure data provide shortest Mg–Mg distances between Chls in a range
from 8 to 14A˚. These distances are quite comparable to those found in bacterial antennae (cf.
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chapter 8). Therefore the question came up whether dipole-dipole interaction might be strong
enough to give rise for a delocalization of the excitation at least over Chl dimers [van Amerongen
and van Grondelle, 2001]. However, due to the resolution being low, only the molecular planes
of the Chls are approximately determined, while the orientations of the Qy-transition dipoles
can not unambiguously be determined. Hence, theoretical estimations for the dipole–dipole
coupling (cf. Eq. 8.1) based on the available structure data for LHC II are not very reliable.
Nevertheless, the couplings between the Chls in LHC II are crucial for understanding the
mechanism of excitation transfer, which is the main task of a photosynthetic antenna system
like LHC II. For strong interaction the excitation may be delocalized over most probably two
Chls forming a dimer. This phenomenon would not only increase the coherent energy transfer
within the Chl dimer [van Grondelle, 1985], but also the rates for Fo¨rster-transfer [Fo¨rster,
1948] from the respective dimer to other sites due to enhancement of the Qy-transition dipole
by redistribution of oscillator strength (see below).
9.2.1 Excitonic coupling for the Chl a2/b2 dimer
As an example, which of course is chosen on purpose as one will see below, the effects of excitonic
coupling may be demonstrated for the Chl a2/b2 dimer (cf. Fig. 9.1). With approximately
8.3A˚ the Mg–Mg distance between Chl a2 and Chl b2 is the shortest in LHC II. The tetrapyrrole
planes are nearly parallel oriented and tilted to the Mg–Mg distance vector by an angle of only
23◦. Therefore, the Chl a2/b2 dimer most probably represents the dimer with the strongest
dipole–dipole interaction, at least in the case the transition dipoles are oriented nearly in-line.
Assuming that the tentative assignment by Ku¨hlbrandt (cf. Fig. 9.1) reflects the occupation
of the binding sites with Chl a and b correctly, for transition dipoles oriented in a nearly in-line
configuration one obtains Va2b2 ≈ 180cm−1 (cf. Eq. 8.1). This is comparable to the difference
of transition frequency between monomeric Chl a and b of approximately 470cm−1. Despite
of this strong coupling the results are only tiny shifts of the Qy-absorption bands from 668
to 672nm for Chl a2 and from 644 to 640nm for Chl b2, respectively (for calculation method
cf. supplement 9.5). However, as mentioned above, the assignment is only tentative. For
assuming that both binding sites, Chl a2 and Chl b2, are occupied by only Chl a one would
obtain Va2b2 ≈ 220cm−1. This results in a split of the Qy-absorption band of Chl a2 into two
subbands at 661 and 678nm, respectively.
It has to be mentioned that the for the dipole–dipole interaction for the Chl a2/b2 (het-
ero)dimer with in-line arrangement of the transition dipoles as given here yields higher value
than known from literature, e.g. Va2b2 ≈ 121.6cm−1 ref. [van Amerongen and van Grondelle,
2001]. This differences might result from several factors: The structure data let some freedom
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in the choice of the direction of the transition dipoles. In the present work this freedom has
been used excessively to get the most in-line arrangement compatible with the roughly de-
fined tetrapyrrole planes for Chl a2 and Chl b2. Secondly there exists some uncertainty about
the transition dipole strength of Chl a and b. Here averaged values of µ2Chl a = 17D
2 and
µ2Chl b = 14D
2, respectively1, has been taken from ref. [Sauer et al., 1966, Shipman, 1977].
This uncertainty regarding the strength of the transition dipoles is closely related to the third
problem, the screening of the dipole–dipole interaction by the surrounding protein, as pointed
out by the broad discussion in the literature [van Amerongen and van Grondelle, 2001,Cinque
et al., 2000b]. The author of the present work is of the opinion that only using the micro-
scopic distribution of charges, dipoles, and polarizabilities in the protein matrix can solve this
problem satisfactorily. Therefore, in the presented calculations refractive index and local field
correction factor has been set to one. The decisive argument for proceeding in this way is the
fact that the space between Chl a2 and Chl b2 is not filled by protein and the cavity around the
Chl a2/b2 is quite difficult to define for Chls on the outer edge of the trimeric LHC II (cf. Fig.
9.1). Finally, a more correct calculation of the excitonic interaction for the Chl a2/b2 dimer
should go beyond the dipole–dipole interaction, due to the fact that the distance between the
molecules is of their size [Krueger et al., 1998, Scholes, 1999]. In the present work the exact
strength of the dipole-dipole interaction Va2b2 is of minor importance but the transition dipole
strengths will be crucial (see below).
The the formation of a delocalized exciton affects not only the spectral position of the Qy-
absorption band of the Chl a2/b2 dimer, but also redistribute the oscillator strength between
them (cf. supplement 9.5 and ref. [Cantor and Schimmel, 1980]). In the nearly in-line config-
uration of the transition dipoles this means that the oscillator strength for the band at 672nm
is about an factor 1.6 enhanced compared to monomeric Chl a, while for the band at 640nm
one obtains less than half of the oscillator strength of monomeric Chl b in solution. For the
assumption that both binding sites contain Chl a one obtains an even stronger redistribution
of oscillator strength. For the subband at 678nm this yields a 1.8 fold enhancement, while on
the subband at 661nm remains only 20% of the oscillator strength of monomeric Chl a.
9.2.2 Alternative arrangements
Unfortunately, the orientation of Chl a2 and Chl b2 is still rather undetermined [Gradinaru
et al., 1998b]. Therefore, also the results of excitonic coupling for three other principally dif-
ferent possible arrangements of transition dipoles has to be checked. In both cases where the
transition dipoles of Chl a2 and Chl b2 are not parallel to each other, the dipole–dipole inter-
11D = 1Debye = 3.335× 10−30Cm
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action is negligible (Va2b2 ≈ 5cm−1). Therefore, in these arrangements neither spectral shifts
nor redistributions of oscillator strength do occur. For the ‘sandwich’ arrangement, where the
transition dipoles are nearly parallel to each other, but perpendicular to the Mg–Mg distance
vector, the dipole-dipole interaction yields only Va2b2 ≈ 95cm−1 for the original assignment.
The oscillator strength of the Chl b subband scarcely shifted to 644nm is enhanced by factor
1.4 compared to Chl b in solution. Consequently, for the Chl a subband at 669nm only 68%
of the Chl a oscillator strength remains. If both binding sites, Chl a2 and Chl b2, are occupied
by Chl a, one obtains subbands at 673nm and 662nm, where the latter, shorter in wavelength,
carries nearly the entire oscillator strength of both Chl a. Nevertheless, independently of the
Chl assignment, a ‘sandwich’-arrangement of the transition dipoles in the Chl a2/b2 dimer con-
tradicts clearly the results from site-directed mutagenesis, which have given evidence, that at
least Chl a2 is related to a strong subband at 676nm – most likely the red-most one of all
spectral forms [Rogl et al., 2002].
In order to extend the model further on, one may consider a Chl a2/a1 dimer, where the
Mg–Mg distance is approximately 12.3A˚. Here, however, the dipole-dipole interaction amounts
to only 31cm−1. Therefore, exciton delocalization over a Chl a1/a2 dimer or an Chl a1/a2/b2
trimer is more than questionable, though the latter would provide an 2.1 fold size enhancement
of the Chl a band even for the binding site Chl b2 being occupied by Chl b.
9.2.3 Limitation of delocalization by exciton–phonon coupling
The theoretical description of delocalization has also to consider the coupling of the excitons
to molecular vibrations and protein phonons [Meier et al., 1997, Bakalis and Knoester, 1999,
Kimura et al., 2000,Beenken et al., 2002]. One common criterion in use compares the dipole-
dipole interaction Vab with the homogeneous line width of the observed subbands [Bakalis et al.,
1999,Kimura et al., 2000]. In the case of a homodimer, one obtains partial delocalization just
for 2Vab > Γ. Here the dephasing rate Γ represents the half homogeneous line width. In a
previous study to trimeric LHC II by NLPF [Lokstein et al., 1995] the dephasing rate Γ of the
red-most subband at 684nm has been determined to Γ ≈ 260cm−1. For the subband next to
it at 677nm an even larger value of Γ ≈ 425cm−1 has been found. Though these values has
to be taken with some reservation due to the outstanding consistent global analysis of NLPF
spectra [Schubert, 2003], the dipole–dipole interaction is sufficient for prevailing delocalization
of the excitation. For the Chl a2/b2 (hetero)dimers in the original assignment even in the in-line
arrangement a similar condition, which considers the transition frequency difference of about
470cm−1 between monomeric Chl a and b, is clearly not fulfilled [Kimura et al., 2000].
Recently, by using a different theoretical approach, which considers the effects of exciton-
136
Chapter 9. Excitonic coupling of chlorophylls in the light-harvesting complex II of higher
plants
vibration coupling more directly, it has been shown that the lower exciton state in a dimer
always tends more towards localization on one site, whereas the higher exciton state tends
more towards delocalization, compared to the ideal case without exciton-vibration coupling
[Beenken et al., 2002]. For a homo-dimer, the degree of these tendencies depends mainly on the
ratio between excitonic coupling Vab and monomeric Stokes-shift S, resulting in the criterion
2Vab > S, quite similar to that found above by using the dephasing rate Γ instead of the Stokes-
shift2. Fortunately, the crucial Stokes-shift of the main emitter of LHC II has been determined
by fluorescence site selection measurements [Peterman et al., 1997] to be 400cm−1. This means
that in accordance to both theoretical approaches for the Chl a2/b2 homodimer, where both
binding sites are occupied by Chl a, the excitation may be prevailingly delocalized over both
binding sites. On the other hand, both approaches deny delocalization of the excitation in the
case of the original assignment, i.e. for a Chl a2/b2 heterodimer, due to the high difference
of transition frequency between Chl a and Chl b. Consequently, in this case redistribution of
the oscillator strength should not occur. As one can see, experimental evidence for exciton
formation in LHC II provides also severe impact to the theoretical models for pigment location
as well as pigment–pigment and pigment–protein interaction in LHC II.
9.2.4 Experimental tests for spectral shifts and redistribution of os-
cillator strength in LHC II
Strong excitonic coupling between Chl in LHC II should be result in spectral shifts and oscillator
strength redistribution between Chl subbands in the absorption spectrum, as well as in specific
circular dichroism [Cantor and Schimmel, 1980,Somsen et al., 1996]. The Qy-subbands as ob-
served in the absorption spectrum of LHC II (cf. Fig. 9.2) are significantly shifted compared to
Chl a and b in diethyl-ether, where they are located at 662nm and 644nm, respectively [Hoff and
Amesz, 1991]. Nevertheless, these shifts are not unequivocally to relate only to dipole–dipole
interaction between Chls forming dimers. In fact, the interactions of monomeric Chl with the
protein environment as well as with xanthophylls are of the same order of magnitude [Nishigaki
et al., 2001]. For the previous calculation of the subbands of the Chl a2/b2 dimer these shifts
have been only roughly considered by an shift of 6nm for monomeric Chl a in protein compared
to Chl a in solution.3 This was motivated by the position of the Qy -absorption band at 668nm
in the Peridinin-chlorophyll-a protein (PCP) [Kleima et al., 2000], where dipole–dipole inter-
2Note that Γ and S are connected to each other for Eq. 3.60 as shown in chapter 3. The conditions presented
in ref. [Beenken et al., 2002] have been deduced for temperatures low compared to the oscillator energy ~ω of
the respective vibrational mode, though the remain qualitatively valid for higher temperatures, too.
3For Chl b no environment shift has been applied.
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action between the two Chl a can be neglected due to their distance of 17.4A˚ [Hofmann et al.,
1996], while the interaction between Peridinin and Chl a is assumed to be limited to as energy
transfer [Zigmantas et al., 2002]. Nevertheless the assumption that the shift of Chl a in PCP
is only caused by the interaction protein environment remains questionable4. The moreover,
the shifts by Chl–protein interaction may not to be uniform for the general heterogeneity of
proteins containing different polar and nonpolar amino-acid residues. Due to these difficulties,
it is not astonishing, that a consistent understanding of the LHC II absorption spectrum, which
contains at least ten subbands, in an overall substructure model – including possible excitonic
and environmental effects – has not been reached, yet [Nussberger et al., 1994,van Amerongen
et al., 1994,Zucchelli et al., 1996,Cinque et al., 2000a]. By its ability to resolve substructures
even hidden in the absorption spectrum (cf. supplement 4.5) NLPF may help to overcome the
crucial problems associated with subband analysis of the LHC II absorption and CD-spectra.
However, after promising beginnings [Lokstein et al., 1995,Schubert et al., 1997], the T2-peak
analysis of the Qy-bands is stuck due to the multitude of parameters, in particular the necessary
consideration of the geometry factors (cf. Eq. 4.10). Nevertheless, a step-by-step approach is
in progress to render the NLPF-spectra of the Qy-region of LHC II by a theoretical subband
model, which considers explicitly the limitations for the orientation of the transition dipoles as
given by the structure model [Schubert, 2003].
The redistributions of oscillator strength between subbands may provide an better exper-
imental indication to delocalized excitations in LHC II. It this redistribution affects also the
stimulated emission, it can be revealed by pump-intensity-dependent NLPF (cf. chapter 6) as
will be demonstrated in section 9.3. Therefore, it is quite suitable that Chl a2 seems to be at
least part of the terminus of the energy transfer chain in monomeric LHC II as supported by
site-directed mutagenesis [Rogl et al., 2002].
In circular dichroism spectra of LHC II the rotational strengths of some bands may hardly
be explained without considering excitonic interaction between Chl dimers [Hemelrijk et al.,
1992, Ruban et al., 1997, Gu¨len et al., 1997]. However, also a complete analysis of the cir-
cular dichroism spectrum of LHC II considering non-conservative contributions has not been
accomplished, yet (cf. absorption spectrum above). For the theory of circular dichroism in
excitonically coupled dimer the author may refer to ref. [Cantor and Schimmel, 1980]. At last
it has to be mentioned that the CD-signal has not distort the NLPF-measurements for being
almost compensated by the method described in section 2.1.1.
4For example, there has been observed a quite unusual blue-shifting of the Qy-absorption maximum for Chl a
when lowering the temperature [Kleima et al., 2000].
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9.2.5 Homogeneous substructure for excitonically coupled Chl a/b
dimers
Another approach to detect excitonic coupling in particular between Chl a and Chl b, where
the assignment of excitonic shifts is quite difficult, using only T2-peak analysis (cf. chapter
4) will be shown in chapter 10. This method bases on the fact that for Chl a/b heterodimer
pumping the Chl a Qy-absorption band results in bleaching of both, Chl a and Chl b bands.
The reason is that for an uncoupled Chl a/b dimer excitation of the one monomer does not
influence the transition of the other, neither in spectral position nor in oscillator strength.
This means that the substructure revealed by T2-peak analysis is heterogeneous (cf. section
4.1.1). This picture does not change for an ultra-fast energy transfer from Chl b to Chl a, if
the back transfer is inhibited and one is pumping only the Qy transition of Chl a (cf. section
4.1.2). For the same experiment a completely different result is obtained for the excitonically
coupled Chl a/b dimer. In this case, the transitions from the ground state to the one-exciton
states possess different transition dipole moments than the corresponding transitions from the
one-exciton states to the two-exciton state (cf. supplement 9.5). Therefore, the excited-state
absorption does not compensate the bleaching of the ground-state absorption completely, as
it would do in the case of uncoupled Chls according to the mapping as given in section 6.2.2.
Some previous studies of the exciton dynamics for Chl a/b dimers by means of pump-probe
spectroscopy based also on this effect [?,Renger et al., 1994,Connelly et al., 1997]. Compared
to fs pump-probe spectroscopy, which provides a better time resolution for the ultra-fast part of
the exciton dynamics, the T2-peak analysis of NLPF-spectra has the advantage to be spectrally
more selective by principle. On the other hand NLPF is mainly limited to such spectral Chl
forms representing either the terminus or bottlenecks in the energy transfer chain, since the
T2-peaks for probing long-living states are dominating the NLPF spectrum (cf. chapter 4).
By fs-spectroscopy one can also under-run the life-time of intermediate states in the energy
transfer chain. Thus both methods complement one another (cf. summary to chapter 2). An
direct access to the coherence of the excitonic energy transfer should be enabled by three-pulse
photon-echo experiments ??. Notably, there the results could be completely explained in the
framework of almost incoherent energy transfer processes between Chl b and a.
For Chl a/a (homo)dimers5 the detection of excitonic coupling by bleaching of the Soret
fails due to the unknown assignments of the Chl a subbands in LHC II (see above). The only
significant hints to strongly excitonically coupled Chl a/a homodimers by means of simultaneous
bleaching, is the occurrence of satellite holes in non-photochemical hole-burning experiments
at 4K [Reddy et al., 1994]. Beside of the fact that this experiment has been performed at
5According to the structure data Chl b/b homodimers do not very likely occur (see above).
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temperatures which are physiologically of less relevance – the dephasing at room-temperature
may change the result completely (cf. section 8.2 and Eq. 3.45) – this effect can also result
from alterations in the protein by the hole-burning process, i.e. reversible photochemical hole-
burning. Also absorption spectra of site-directed mutants of LHC II give some hints to excitonic
coupling by simultaneous changes in different Qy-subbands for mutagenesis of only one site [Rogl
et al., 2002]. Here, however, alterations in the protein structure are much less under control.
9.3 Pump-intensity-dependent NLPF-spectra for LHC
II
As mentioned above for the terminal Chl sites in the energy transfer chain pump-intensity-
dependent NLPF-spectra can reveal an enhancement of the oscillator strength as caused by
exciton delocalization. The limitation to terminal acceptors results form the fact that for
coherent as well as incoherent energy transfer the cross-section of pumping absorption in the
saturation parameter ξ (ωp, ωp) (cf. Eq. 6.16 and 6.13) counts for all donors. In this way an
enhancement would not be unequivocally to relate to a coherent exciton delocalized over donor
and acceptor, but may represent only the incoherent sum of the cross-sections σabs (ωp, ωp)
according to Eq. 6.16. On the other hand as shown in chapter 6 the saturation parameter
contains also the cross-section of stimulating emission σem (ωp, ωp). In the case of incoherent
energy transfer this counts only for one acceptor (cf. Eq. 6.16). In the case of a branching
to several acceptors ξ (ωp, ωp) will be even lower than for only one acceptor (cf. Eq. 6.22).
Consequently, an enhancement of those parts of the ξ-spectrum, which represent the stimulated
emission only, may originate exclusively from an enhancement of the transition dipole moment
itself. This would be a strong indicator for a delocalized exciton.
9.3.1 ξ-spectrum of trimeric LHC II
NLPF-spectra of trimeric LHC II 6 have been are recorded for fixed probe wavelength at 685nm,
which is close to maximum fluorescence of LHC II, and different pump intensities (cf. Fig. 9.3).
The pump wavelength λp has been varied from 645 to 690nm over the overlapping Qy-absorption
and emission regions.
In Fig. 9.4 a section through the spectra at λp = 678nm is shown, illustrating the pump-
intensity dependence. By fitting such curves for all pump wavelengths according to Eqs. 6.6
6LHCII sample preparation, measurements, and basic fits by A. Schubert; for experimental details see
ref. [Schubert et al., 2002]
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Figure 9.3: NLPF spectra of trimeric LHC II probed at λp = 685nm (arrow) for pump intensities
[photonscm−2s−1]: 5.7 × 1021(a), 2.3 × 1022 (b), 8 × 1022 (c), 2.1 × 1023 (d), 4.3 × 1024 (e),
1.4× 1022 (f), and 4.3× 1022 (g). For case (d) original measurement data set is shown. Curves
are averaged and smoothed [Schubert et al., 2002]. The dashed line at 678nm signifies the
section for demonstrating the pump-intensity dependence in Fig. 9.4. Note that though the
NLPF-signal is given in arbitrary units, the relative intensities are correctly rendered.
and 6.12 the ξ-spectrum has been determined as shown in Fig.9.5. For the pump-intensity
curve in Fig. 9.4 the fit yields the ξ (678nm, 678nm) = 8.4× 10−24cm2s. A linear continuation
s (λt, λp) Ip has to be considered (cf. Eq. 6.15) and yields for the mentioned pump wavelength
as s (685nm, 678nm) = 2.7× 10−26cm2s with negligible imaginary part.
In order to analyze the ξ-spectrum, first one has to multiply it by the ground-state-recovering
rate γgsr ≈ (3.6ns)−1 to get the total cross-sections of pumping in dependence of the pump wave-
length σtot (λp, λp) (cf. Fig. 9.5, right scale). The latter is to decompose into the contributions
of absorption σabs (λp, λp), emission σem (λp, λp), and excited-state absorption σexc (λp, λp). For
this decomposition being accomplishable (cf. section 6.2) some constrictions are to be fulfilled.
Already the low values for the linear continuation parameter s (λt, λp) indicate that the intra-
band relaxation (cf. γintra in Fig. 6.4) is much faster than the ground-state recovering here
approximated by the fluorescence decay rate as γgsr ≈ (3.6ns)−1 [Connelly et al., 1997]. Accord-
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Figure 9.4: Pump-intensity dependence of the NLPF-signal probed and pumped at λt = 685nm
and λp = 678nm, respectively. Squares assigns measurment data the spectra shown in Fig.
9.3. Solid line shows the fit according to Eqs. 6.12 and 6.6 for saturation parameter ξ =
8.4× 10−24cm2s (arrow) and linear continuation with s (685nm, 678nm) = 2.7× 10−26cm2s.
ing to the mapping demonstrated in section 6.2.2 the intra-band relaxation can be identified
with the energy transfer within the LHC II complex. The corresponding transfer times have
been determined by time-resolved spectroscopy to be in a range from 270fs to 24ps [Gradinaru
et al., 1998b,Agarwal et al., 2000]. Also an ultra-fast excitation annihilation has been already
observed for LHC II [Barzda et al., 2001]. For the present model (cf. Fig. 6.4) this means
an fast inter-band relaxation rate7 of γinter ≈ (24ps)−1. This means that in dependence of the
used model either Eqs. 6.13, 6.16, 6.19, or 6.22 are to be used for decomposition. Thereby
one may suppose that σabs (λp, λp) follows the absorption spectrum and σem (λp, λp) the fluo-
rescence spectrum of LHC II. It turns out that this supposition does not hold for using Eqs.
6.13 or 6.16 in accordance with the model of a single energy relaxation or transfer chain with
only one terminus. In the fast energy transfer model using Eq. 6.16 for fitting the absorption
7Note that here, differently from the usual definition as in ref. [Agarwal et al., 2000], γinter does not mean
the transfer rate for Chl b to Chl a, which is included in γintra, but the annihilation rate. For the latter also
the internal conversion from the Soret to the Qy-band is to consider.
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Figure 9.5: ξ-spectrum of the Qy-band of trimeric LHC II (filled squares, left scale). The
right scale gives the correponding total cross-section of pumping for γgsr = (3.6ns)
−1. For
decomposition according to Eq. 6.13 the scaled absorption spectrum (dashed line) has been
subtracted from the ξ-spectrum resulting in the cross-section of stimulated emission σem(λp, λp)
(open diamonds). For comparison the best fit to a Gaussian centered at 683nm with FWHM =
260cm−1(dotted line). For the discrepancy between rescaled absorption and ξ-spectrum at
pump wavelengths λp < 670nm see text.
spectrum to σtot (λp, λp) for λp < 670nm, the residual values of σem (λp, λp) are unreasonably
high. Furthermore, they would not fit to the shape of the fluorescence spectrum at the red-side
wing, anyhow. Last but not least the cross-section of pumping absorption σabs (λp, λp) would
not fulfill the condition that the area under the entire Qy-absorption band of LHC II has to fit
to the summarized transition dipole strength of 7 Chl a and 5 Chl b, i.e.
1
2pi
∫
σabs (λp, λp)
λp
dλp =
7µ2Chl a + 5µ
2
Chl b
~ε0cn
. (9.1)
This condition follows immediately from the sum over the cross-sections of all donors in Eq.
6.16. For the transition-dipole strengths of Chl a and Chl b averaged values of µ2Chl a = 17±2D2
[Shipman, 1977] and µ2Chl b = 14± 2D2 [Sauer et al., 1966] will be used.8 Thus by rescaling the
81D = 1Debye = 3.335× 10−30Cm
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absorption spectrum one obtains the cross-section of pumping the absorption σabs (λp, λp) as
given in Fig. 9.5 (dashed line). The maximum value of (1.7± 0.3) × 10−15cm2 is reached at
λp = 674nm. At least for λp ≥ 670nm this results in a much more reasonable decomposition
of the ξ-spectrum. The values of the cross-sections for pumping the emission σem (λp, λp) (cf.
Fig. 9.5, open diamonds) are now in the same order of magnitude as those for pumping the
absorption . Nevertheless, it has to be noted that the resulting wavelength dependence of
σem (λp, λp) still does not fit to the fluorescence spectrum, but is significantly narrower. In fact
it represents a Gaussian with a maximum value of 1.0 ± 0.3 × 10−15cm2 at λp = 683 ± 1nm
and a line-with FWHM = 260 ± 30cm−1 (cf. Fig. 9.5, dotted line). By integration over
σem (λp, λp) /λp one obtains the dipole strength for the terminal emitter as
|µem683|2 = 33± 8D2. (9.2)
This means a (1.9± 0.5)-fold enhancement of the oscillator strength for the terminal emitter
in LHC II compared to monomeric Chl a in solution. Assuming that the terminal emitter is
the Chl a2/b2 dimer, the lower error bar (enhancement ≥ 1.4 fold) would just include the
theoretical value of 1.6 fold enhancement as obtained for tentative assignment by Ku¨hlbrandt
where the binding site Chl b2 is really occupied by Chl b. Much more confident, however, would
be the assumption that both sites Chl a2 and b2 are occupied by only Chl a, which results in
a 1.8 fold enhancement (see section 9.2.1). The latter case is particularly to prefer, since the
delocalization of a homo-dimer persists even in a dynamic model including exciton–phonon
interaction as mentioned above [Kimura et al., 2000,Beenken et al., 2002]. By the same reasons
an extension of the exciton delocalization over a Chl a1/a2/b2 trimer is more than questionable,
though the ideally resulting 2.1 fold size enhancement of the oscillator strength in the Chl a
band fit quite well – in particular for the fact that in this trimer the binding site Chl b2 is
actually occupied by Chl b.
For the correct interpretation of the results there remains three serious questions to be
answered: (i) why is the spectrum of the cross-section of emission obtained by decomposition of
the ξ-spectrum narrower than the fluorescence spectrum; (ii) how can the discrepancy between
absorption and ξ-spectrum for λp < 670nm be explained; and (iii) is the result also cogent for
the other possible models? One will see that the answers for the first and the second question
are related to each other and lead directly to that of the third question.
9.3.2 Decomposition of the fluorescence band
The simplest explanation for the narrower emission band as obtained by decomposition of
the ξ-spectrum is a substructure within fluorescence spectrum. This means more than one
144
Chapter 9. Excitonic coupling of chlorophylls in the light-harvesting complex II of higher
plants
emitting species for the LHC II. In fact, the fluorescence spectrum of LHC II has neither
Gaussian nor Lorenzians line shape. Decomposition of the fluorescence spectrum by subtracting
the Gaussian subband as obtained from the ξ-spectrum, which may not be inhomogeneous
broadened (but indicates probably inhomogeneous dephasing, cf. summary to chapter 5 and
ref. [Knapp, 1984]) produces an additional Lorenzian sub-band centered at 672 ± 3nm with
line width FWHM = 260 ± 30cm−1 (cf. Fig. 9.6). As one can see further subbands in
the respective region are not needed. The maximum cross-section of pumping the additional
emission band is formally σem (672nm, 672nm) = 0.35 ± 0.1 × 10−15cm2, which means that
this band contributes less than 20% to the total fluorescence yield. Due to its absence in the
ξ-spectrum the additional subband can not belong to the same emitter as the main subband
at 683nm and the quantum yields can differ. Hence the cross-sections of the two emission
subbands are not directly comparable.
Figure 9.6: Decomposition of the measured fluorescence spectrum of LHCII (open squares)
into the Gaussian subband of emission from the ξ-spectrum (dotted line; cf. Fig. 9.5) and an
additional Lorenzian subband centered at 672nm with FWHM = 260cm−1 (dashed line). For
comparison the recomposed fluorescence spectrum is shown (solid line).
Nevertheless, the additional emitter at 672nm may influence the ξ-spectrum otherwise.
Notably, the position of the additional subband fits quite well to the wavelength where the
ξ-spectrum breaks off towards shorter wavelength (cf. Fig. 9.5). This already suggests that
there exists a branching in the energy transfer path somewhere between 665nm and 670nm.
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In chapter 6 also cases of energy transfer chains with more than one emitter have been
discussed (cf. section 6.2.2). First the case of fast energy transfer between the two emitters (cf.
Eqs. 6.19 and 6.20) shall be discussed for the present problem. According to the difference in
transition frequency between the two subbands of approximately 280cm−1 at room temperature
(300K) one obtains as weights w672 = 20% and w683 = 80%. These values fit quite well
to the distribution of the total fluorescence yield on the two respective subbands as results
from the decomposition of the fluorescence spectrum. This would mean that the two emitters
are thermally equilibrated. Then, however, according to Eq. 6.19 the ξ-spectrum should also
contain exactly that subband at 672nm which has been found by beingmissed in the ξ-spectrum
(see above). For this contradiction, the model with fast excitation exchange between the two
subbands has to be abandoned. Nevertheless, the calculation has shown at least that parallel
emitter which are not strongly excitonically coupled but exchange excitation via Fo¨rster-type
transfer can not explain the enhancement of the oscillator strength in emission.
For branching to two acceptors, which can not exchange excitation between each other, only
the contribution of the probed acceptor appears in the ξ-spectrum (cf. Eqs. 6.22 and 6.23), as
observed in Fig. 9.5. In the present case for probing at 685nm, the probed acceptor is clearly
related to the subband at 683nm. This kind of branching in the energy transfer path is also
able to explain the break off of the ξ-spectrum for pump wavelength λp < 670nm, which is
in the spectral range for pumping the donors. According to Eq. 6.22 two different saturation
parameters occur: One for the probed acceptor at 685nm given by
ξ685 (λp < 670nm) =
σabs (λp < 670nm)
γeff
, (9.3)
with an effective ground-state recovering rate γeff = γ683/b683 obviously higher than that of the
probed acceptor itself (γ683) for the branching ratio being b683 < 1 (cf. Eq. 6.23). The other
ξ-spectrum for probing the acceptor emitting at 672nm has not been determined. Though this
would in principle allow one to determine the branching ratio b672 : b683, in the present case the
results were more than questionable. Firstly, the acceptor subband at 672nm reaches into the
spectral region of the donors for λp < 670nm (cf. Fig. 9.6). Secondly, different orientations of
the transition dipoles of the acceptors and donors will change the ξ-spectrum for this region in a
unpredictable way. Therefore, even the value of γeff is rather arbitrary, and Eq. 9.3 is of more
qualitative character in order to explain the break off of the ξ-spectrum. For the contributions
by absorption and emission of the probed acceptor (emission subband at 683nm), however, one
could confidently assume that the transition dipoles are parallel. Therefore, the quantitative
results obtained from the ξ-spectrum for λp > 670nm are reliable.
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9.4 Summary
The ξ-spectrum obtained from the pump-intensity-dependent of the NLPF-spectra of LHC
II has revealed a (1.9± 0.5)-fold enhancement of oscillator strength in an Gaussian-shaped
emission subband centered at 683nm. By site-directed mutageneses the red-most subbands
in absorption has been previously assigned to the Chl a2 binding site of LHC II [Rogl et al.,
2002]. The resulting enhancement of the emission dipole-strength is most probably originated
by strong excitonic coupling between the chlorophyll binding sites a2 and b2. Thereby, it is
an open question whether the original, tentative assignment of these binding sites [Ku¨hlbrandt
et al., 1994] to Chl a and Chl b can be uphold. In fact, there is some evidence from the result
be presented as well as from theoretical considerations [Beenken et al., 2002] that the Chl b2
binding site may be occupied by Chl a instead of Chl b.
Furthermore, the analysis of ξ-spectrum in combination with a decomposition of the fluo-
rescence spectrum reveals two emission bands: A Gaussian subband at 683nm has been found
in the ξ-spectrum, the other Lorenzian-shaped at 673nm, which provides only 20% to the total
fluorescence yield, is missed in the ξ-spectrum. This fact leads to the assumption of a branch-
ing in the energy transfer path around 670nm to two different termini, which is also in good
agreement with a break off for the ξ-spectrum in absorption for pump-wavelength λp < 670nm.
Due to an apparent thermalization for the oscillator strengths of the two emission subbands
energy transfer between the two emitters could not be completely ruled out, but at least it has
to be much slower than that from binding sites located at λp < 670nm. Most probably they
are more spacially than energetically separated. The existence of two subbands may not be
in contradiction to a recent study on the bleaching behavior and fluorescence polarization of
single complexes [Tietz et al., 2001]. The observed unique polarization of emission for each of
the three subunits in trimeric LHC II may result from parallel oriented transition dipoles for
the two subbands. By reasons of symmetry this means that the second emitter belongs to the
same LHC II monomer, and that the branching is inside this monomer [A. Schubert, personal
communication].
9.5 Supplement: Calculation of excitonic coupling in the
Chl a2/b2 dimer
Due to the dipole–dipole interaction
Vab =
1
4piε0
(
µaµb
R3ab
− 3(µaRab) (µbRab)
R5ab
)
(9.4)
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between the monomeric transition dipoles µa and µb separated by a distance vector Rab (cf.
Eq. 8.1, and ref. [Cantor and Schimmel, 1980,Atkins, 1998]) the supramolecular Hamiltonian
for the dimer yields as
Hab =
(
εa Vab
Vab ε b
)
. (9.5)
By diagonalization one obtains the eigen-frequencies by
~ω± =
εa + εb
2
±
√(
εb − εa
2
)2
+ V 2ab (9.6)
with associated eigenvectors
c±,a = −
√
~ω± − εb
2~ω± − εa − εb and c±,b = +
√
~ω± − εa
2~ω± − εa − εb . (9.7)
Therefore, the transition dipole moments of the two subbands at ω+ and ω− ´are superpositions
as given by
µ± = c±,aµa + c±,bµb, (9.8)
and the corresponding transition dipole strengths yield as
|µ±|2 = |~ω± − εb|µ
2
a + |~ω± − εa|µ2b − 2
√
(1~ω± − εb) (1~ω± − εa)µaµb cosφab
|2~ω± − εa − εb| , (9.9)
where φa1a2 is the angle between the monomeric transition dipoles µa and µb. The resulting
transition dipoles µ+ and µ− of the dimer will be differently oriented [Cantor and Schimmel,
1980].
The dipoles for transitions from the one-exciton states |+〉 and |−〉 to the two-exciton state
|ab〉 yields as
µab,± = c±,aµb + c±,bµa. (9.10)
These are completely different from the dipoles µ± for the transition between ground- to one-
exciton states. Only for the case c−,a = c+,b = 1 and c+,a = c−,b = 0, which occurs in the case
of no interaction between the monomers, i.e. Vab = 0 one obtains µab,± = µ∓. This corresponds
exactly to the mapping for the incoherent energy transfer as given in section 6.2.2.
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II antenna complex CP29
The minor antenna complex CP29 is definitely attached to PS II. More precisely it is located
between LHC II and the core antenna CP47 of PS 2 [Simpson and Knoetzel, 1996]. Therefore,
it has been assumed to play a regulatory role in the excitation energy funneling from the bulk
antennae LHC II towards the reaction center but may be also only a geometrically adapted
docking station for the trimeric LHC II to the core antenna CP47. As minor antenna complex
CP29 binds only 6 Chl a and 2 Chl b. Beside of chlorophylls CP29 contains also several xan-
thophylls, namely lutein, neoxanthin, and violaxanthin. Though there does not exist structure
data from crystallography, iCP29 is assumed to be quite similar to a fraction of the LHC II
monomer. Accordingly, the assignment of the Chl binding sites takes place as for the known
LHC II structure leaving out those sites which are not to apparent in CP29 due to the lower
Chl content [Cinque et al., 2000b,Simonetto et al., 1999]. Of course in this case the assignment
of Chl a and b is even more tentative than it has been for LHC II .
All the more, it is interesting to study the interaction between the Chls in CP29 by spec-
troscopic methods. The absorption spectrum of CP29 at room temperature is shown in Fig.
10.1. As usual for Chl binding protein complexes the spectrum contains with three rather
broad bands: the Qy-absorption band is located between 660 and 680nm with the major peak
at 676.5nm assigned to Chl a, and a much minor peak at approximately 650nm, assigned to
Chl b. There exists a decomposition the Qy-band into subbands assigned to the assumable
binding sites in CP29 [Giuffra et al., 1997]. The Qx-bands are broad and quite unspecific but
definitely beyond 550nm. The Soret region of Chl a in CP29 is assumed to be located between
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Figure 10.1: Absorption spectrum of CP29 (solid line) and for comparision that of LHC II
(dots, normaliyed to Qy-band) [Voigt et al., 2002]
400 and 460nm peaking at 440nm (Bx-band) and with a shoulder at 420nm (By-band), while
the Soret of Chl b overlaps completely with the absorption of the xanthophylls in the region
between 460 and 520nm [Giuffra et al., 1997,Pascal et al., 1999]. For low temperatures down
to 13K, in the latter region three peaks become apparent. One at 464nm has been attributed
to Chl b, the others at 483 and 496nm to the xanthophylls [Pascal et al., 1999]. Notably, the
peaks in the Soret of Chl a are nearly unchanged. A deconvolution of the Soret absorption
of CP29 at room temperature predicts clearly that the contributions by Chl a and b are well
distinguishable [Gradinaru et al., 1998a], though there exists quantum chemical calculations
predicting weak contributions from Chl a in the respective spectral range [Parusel and Grimme,
2000,Sundholm, 2000]. Nevertheless, in what follows it will be assumed that between 460 and
550nm absorption by Chl a is negligible. Time resolved pump-probe spectroscopy has already
revealed also the kinetics between the subbands in the Qy-band with energy transfer rates
between 350fs and 13ps. Nevertheless subband analysis by means of NLPF may provide addi-
tional information about this spectral region. Due to the lower number of bound Chls in CP29
the T2-peak analysis might be not as difficult as it turns out to be for LHC II.
A possible excitonic coupling between Chl a and b is of particular interest. There exists
some hints to a mixing of Chl a and b states by the appearance of a weak fluorescence in a
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spectral region, which has been assigned to the Soret of Chl b, after two-photon excitation at
670nm, which should be in the spectral region of Qy-absorption for Chl a only [Leupold et al.,
2002]. In the work be presented [Voigt et al., 2002], a similar effect is searched for by pumping
the Qy-absorption and probing in the Soret in NLPF. Compared to the T1-peak analysis for
only the Qy-band, this approach has the great advantage that the effect to be observed is much
less interfered by the energy transfer from Chl b to Chl a.
10.1 T2-peak analysis within the Qy-band of CP29
In order to get information about the substructure of the Qy-band of CP29, first the standard
T2-peak analysis where probe and pump cover the same spectral region, here the Qy-band will
be applied (cf. Figs. 4.2, 4.4, and 4.6 in chapter 4).
NLPF-spectra1 of CP29 have been recorded for pump wavelengths from 635 to 700nm, i.e.
over nearly the entire Qy-absorption band for fixed probe wavelengths moved from 640 to 690nm
in steps of 10nm (see Fig. 10.2). The T2-peak analysis according to the methods described in
section 4.2 has revealed three subbands at 660, and 670, and 681nm. For this spectral region
Chl a is assumed to absorb. While the subband at 681nm is clearly heterogeneous to the other
two (cf. Eq. 4.48), the nature of the substructure between the subbands at 660 and 670nm could
not be clarified unequivocally. Most probably they constitute a homogeneous substructure.
Surprisingly, the T2-peak maximum shifted back from 665 to 670nm for moving the probe
wavelength from 650 to 640nm. This accounts for a subband around 640nm which is associated
to the subband at 670nm either by homogeneous substructure or excited state absorption.
This can not be the excited state absorption from Qya to Bxb (cf. Fig. 10.3 arrow 1), which
is located in the infrared around 1280nm, but should be one to an higher excited state around
330nm. However, the fact, that the respective transition appears clearly in the probe- but not
the pump-wavelength dependence, typical for excited state absorption (cf. Fig. 4.9 in section
4.1.4), is not a sufficient argument against a homogeneous substructure in the present case. In
fact the existence of subbands in the region around 640nm, where the Qy-absorption of Chl b
is expected, could be neither proven nor excluded due to the high signal to noise ratio in the
region for pump wavelengths λp < 645nm. However, even much more accurate NLPF-spectra
will not help to reveal the spectral substructure in the Qy-region of the Chl b, unequivocally.
Due to the quadratic dependence of the NLPF-signal on the cross-section of pumping, the peaks
representing the Qy-absorption of Chl b, which are already tiny in the absorption spectrum (cf.
1CP29 isolation and sample preparation by K.-D. Irrgang, NLPF-spectra by B. Voigt, Fits by J. Ehlert and
B. Voigt using the software package NLPF 8.3 based on ref. [Ehlert and Beenken, 1998].
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absorption spectrum, Fig. 10.1), the corresponding T2-peak would be vanishing small in any
case, even for a homogeneous substructure.
10.2 T2-peaks of CP29 for pumping the Qy-band and
probing the Soret
As mentioned in the previous chapter (cf. section 9.2.5) excitonic coupling in particular between
Chl a and Chl b can be found by T2-peak analysis due to the different redistribution of oscillator
strength for ground- and excited-state transitions (cf. supplement 9.5). This effect may work
also for pumping the Qy-band and probing in the Soret. For a in-line arrangement of the
Qy-transition dipoles of the two Chl, the Bx-transition dipoles are necessarily in ‘sandwich’-
configuration, i.e. parallel to each other but perpendicular to the distance vector (cf. section
9.2.1). In an ideal in-line Chl homodimer, where the redistribution of the oscillator strengths is
maximum, the transitions from the one-exciton state |Qy−〉 to the two-exciton state |Qy−+Bx−〉
(cf. Fig. 10.3 arrow 3) is allowed but not the corresponding transitions from ground-state |0〉
to the one-exciton state |Bx−〉 (cf. Eqs. 9.8 and 9.10). This difference results in an observable
NLPF-signal for probing the Bx−-band and pumping Qy−-band. The corresponding term of
the NLPF-line-shape function is given as
s (ωt, ωp) = (ζ2 (ωt)− ζ3 (ωt)) 1
γgsr
σ1 (ωp, ωp) + . . . , (10.1)
(indices according to Fig. 10.3). This holds even if one considers that the Qy- and Bx-transition
dipoles are not exactly perpendicular to each other [Scherz et al., 1991,Fuchs et al., 2003] and
that the Chls may be of different kind, since only the uncoupled dimer without any redistri-
bution of oscillator strength would result in ζ2 (ωt) − ζ3 (ωt) = 0, i.e. no NLPF-signal (cf.
supplement 9.5).
NLPF-spectra of CP29 probed in the Soret region at 450, 460, 470, and 485nm has been
recorded for pump wavelengths from 630 to 690nm, i.e. in the Qy-region (see Fig. 10.2). For
probing at 450 and 460nm the Soret of Chl a (see above) the pump-frequency dependence of the
NLPF spectrum shows clearly two Qy-subbands, one around 630nm, which represents Chl b,
and a much larger one for Chl a at 670nm, which has been already seen in the NLPF-spectra
probed and pumped in the Qy-region (cf. Fig. 10.2). This result has been expected due to
the energy transfer from Chl b to Chl a and a probable contamination of the Chl a Bx-band by
the Chl b By-band, though not in such an extent (cf. previous section concerning Qy-bands of
Chl b).
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Surprisingly, the NLPF-spectra do not change much when the probe wavelength is changed
to 470 and 485nm,respectively, i.e. to the spectral region, where namely the Bx-band of Chl b
but not the Soret of Chl a is assumed to be probed. One can still see the Qy-subband at 670nm
as the dominant one, while the Qy-subband for Chl b around 630nm does not rise but gets only
broader. These observations indicates strong influence of the excitation at 670nm, which is
assigned to Chl a, on the Soret-band of Chl b or the xanthophylls (supposed the assignments
for the previous decomposition of the absorption spectrum of CP29 [Gradinaru et al., 1998a]
are correct). The most probable effect on the Soret-band of Chl b may be excitonic coupling
between a Chl a/b pair in CP29 due to different redistribution of oscillator strength for the
ground- and excited-state absorption, as described above. However, there exists other processes
which provide similar effects. In particular for the bacterial antenna LH2 as well as for LHC
II electrochromic shifts of the xanthophylls absorption for pumping the Qy-band have been
reported [Herek et al., 1998,Gradinaru et al., 2003]. In this case it is not the transition dipole,
but the changed permanent charge distribution of Chl a in the excited state, which changes
the transition frequency to the xanthophylls. Since they create the same difference between
ground- and excited-state absorption as probed by NLPF (cf. ζ2 (ωt) − ζ3 (ωt) in Eq. 10.1),
electrochromic shifts can not be excluded as origin of the observed correlation between the
Qy-band at 670nm and the probing the spectral region between 470 and 485nm. If these
explanation holds instead of the excitonic coupling, the correlation between the subband at
670nm and a band around 640nm (see above), which is hidden in the NLPF-spectrum, but for
absorption clearly assigned to Chl b [Gradinaru et al., 1998a], has to be interpreted as excited
state absorption to an higher excited state of Chl a.
Last but not least it has to be noted that the Qy-subband at 681nm, found for probing the
Qy-region, is not apparent in all NLPF-spectra probed between 450 and 485nm. This means
that the Soret band of the corresponding Chl a may be blue-shifted as the Qy-band is red-
shifted compared to the other subbands. The origin of this phenomenon could not be clarified
on the basis of the available data. Stronger excitonic coupling as for the other subbands is
not a sufficient explanation, since even for maximum redistribution of oscillator strength both
bands Bx+ and Bx− are detectable by NLPF, the one as ground-state absorption, the other as
excite-state absorption, respectively (see above).
10.3 Summary
The T2-peak analysis of the NLPF-spectra of CP29 has revealed two distinct regions for the
Chl a absorption in the Qy-band. One represented by a single subband at 681nm, the other
by two subbands at 660 and 670nm. This separation is reflected by the Soret region as well.
153
10.3. Summary
There exist strong correlation between the latter subbands and the Chl a Soret bands around
450 , which astonishingly is extended till 485nm, where the Soret of Chl b and the xanthophyll
absorption are located. The previous interpretation [Voigt et al., 2002] of the latter correlation
as clear indication for excitonic coupling between Chl a and b in CP29 might be to revise in
favour of electrochromic shifts as have been found for LHC II, recently [Gradinaru et al., 2003].
Finally it has to be noted that similar results as presented here for CP29 have been also obtained
for LHC II, except that in LHC II the red-most band seems to be fully involved in the correlation
between Qy-bands and the Chl b Soret and xanthophyll bands, respectively [Krikunova et al.,
2002].
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Figure 10.2: NLPF spectra for CP29 probed (arrows) and pumped in the Qy-band (data:
circles, fit: solid line). For comparison, the absorption spectrum is displayed for two panels
(dotted line). [Voigt et al., 2002]
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Figure 10.3: Term scheme for the Chl a/b dimer with excitonic coupling. The singly excited
states are assigned due to their spectral position in the Qy-band and the Soret (Bx), respectively,
and the sign according to Eq. 9.6. States corresponding to the Qx and By bands are not shown.
The doubly excited states are assigned by the sum of the respective excitation bands. Possible
transitions between singly and doubly excited states are indicated by arrows, where states and
transitions relevant for the NLPF measurements described in the text are emphasized by darker
inking. The pumping is represented by a bold arrow. For numbering of the probed transitions
see text.
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Figure 10.4: NLPF spectra for CP29 probed in the Soret region at 450, 460, 470 and 485nm
(cf. panel assignment) for pumping the Qy-band. [Voigt et al., 2002]
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Conclusion
In the work have been presented, starting from first principles a consistent, all-purpose theory
for NLPF at low pump intensities could be established and more than first steps towards strong-
field theory for NLPF have been achieved. In particular the theoretical description of NLPF-
spectra for multi-level systems, combined with models for homogeneous and inhomogeneous
broadening including also spectral diffusion, represents a break through for applicability of
NLPF to complex molecular and supra-molecular systems. This has been demonstrated in par-
ticular for photosynthetic antennae (LH2 of purple bacteria and CP29 of higher plants).Beside
these even previously studied mechanisms of broadening a general description in terms of non-
Markovian dissipation processes has been presented.
Though being limited in praxi to the two-level system and special cases of multi-level sys-
tems, which can be mapped to it, the strong-field theory of NLPF developed here, has opened
a complete new field of applications for NLPF. The pump-intensity dependence of the NLPF-
spectra allows one to determine the absolute cross-sections of absorption, emission, and excited
state absorption. This is of special interest for determination of molecular aggregation by
size-enhancement of the absorption, and exciton delocalization by superradiant emission, inde-
pendently of knowledge for the chromophore concentration.
Both techniques, low-intensity and strong-field NLPF, have been applied to photosynthetic
antennae in order to determine the nature of their excited states. Thereby it turns out that the
excitation on the circular B850-aggregate of the peripheral antenna LH2 of Rb. molischianum
represents a exciton delocalized over 3-4 of the 16 bacteriochlorophylls. This supports the
previous results from exciton–exciton annihilation [Trinkunas et al., 2001] in a long-standing
debate. For the LH2 of Rb. sphaeroides surprisingly two subbands hidden in the B850 ab-
sorption band could be revealed by NLPF. In the higher-plant antenna complexes LHC II and
CP29 evidence for excitonic coupling between chlorophylls could be provided at least for the
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former case, by pump-intensity dependence of the NLPF-spectra. The attempt to CP29 using
only low-intensity NLPF-spectra results unfortunately in a ambiguity between two interpre-
tations: excitonic coupling between at least one Chl a and one Chl b or electrochromic shifts
of xanthophylls induced by excitation of Chl a. Here further investigation, particularly probe
frequency dependent NLPF spectra, may resolve this problem.
In the limited framework of the presented work, not to all experimental techniques resulting
from the fundamental theory could be demonstrated. In particular the usage of so-called
Raman-peaks in low-temperature NLPF is an interesting field for future applications. Also the
strong-field theory of NLPF may be extendable.
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